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This supplemental material provides the technical background of the theory of target state aligned (TSA) dynamics
and examples discussed in the main paper. We present the derivation of the reverse time target state aligned stochastic
differential equation (TSA SDE), analytically explore the influence of the forward initial conditions on the reverse time
dynamics and study the genuine form of TSA dynamics close to the target state. For each step in the derivation we
provide analytically tractable examples and show how the theory can be applied to infer genuine forces from dynamics
of biological examples. In particular, we demonstrate how different scenarios of cytokinetic ring constriction, that is
the separation of a cell into two daughter cells, can be inferred. We start with a self containing summary of relevant
concepts for stochastic processes in reverse time.
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I. STOCHASTIC DYNAMICS SETTING
A. Markov processes

A time dependent stochastic process is defined by its probability density to be at its current position Zn at time
t, and by the transitions it takes to get there starting at ZO, to. In this chapter L denotes processes in forward time
t. Formally such a process can be written as the transition probability density P(En, tn|zn_17 AP EO, to). For
simplicity we assume that the current state of a stochastic process does only depend on its last step and not on its
full history, i.e. that the process is memory free and obeys the Markov property

P(Ena tn|zn—1a tn—1§ s an tO) = P(znv tn|in—17 tn—l) . (1)
The Markov property implies that the Chapman Kolmogorov equation

P<Znatn‘zn72atn72) = /dznflp(z'rutn|zn717tnfl)P(znflytnfﬂznf%tn72) (2)

is fulfilled which we will use repeatedly in the subsequent derivations.

B. SDE and Fokker Planck representations

The evolution of a dynamical system under the influence of random forcing can often be studied using a Langevin
equation

dL(t) = f(L)dt + VD dW; . (3)

The first term defines the deterministic drift f (Z) the second the strength D of random fluctuations. Here the term
dW; denotes the Wiener process increment with zero mean (dW;) = 0 and delta correlated covariance (D dW; dW/) =
Dé(t —t'). Throughout this text we adopt the Ito-interpretation of Eq. (3) which assures that the random forcing is
always applied at the beginning of a discrete time interval dt.

Using Itos Lemmall]

dg(L(1)) = (my’)g@) N D629<f>> i+ vp29D)

oL 2 oL2 or, e @

which shows how to apply a change of variables for quantities that are governed by Eq. (3), we can derive an evolution
equation for its probability distribution P(Z7 t\fo, to). This evolution equation is called the (forward) Fokker-Planck
equation (FPE) and is an equivalent description of the stochastic dynamics described in Eq. (3). A derivation can
be found in Gardiner[1]. Averaging Eq. (4) with respect to P(Z, t|f0, to), twice integrating by parts and identifying

g(L) with a delta-function then leads to the evolution equation[1]. The resulting partial differential equation

QP(Z t|Lo,t )——if(Z)P(Z t| Lo, t >+Bﬁp<z t| Lo, to) (5)
ot ) 0,t0) — 6Z ’ 0, %0 9 azz ) 0,0

is the seeked (forward) Fokker-Planck equation. The adjoint equation is called the backward Fokker-Planck equation
a0 _ ~ ~ ~ J _ ~ ~ D 9% _ ~ ~
—P(Ly,tg|L,t) = —f(L)—=P(Ly,ty|L,t) — ———P(Ly, ts|L,t) . 6
il L bl t) = =f(L) 22 P(Lysty|Lot) = 5o PLy | Lo t) (6)

and defines the evolution from a initial condition L to a finale state L. It is important to note that after relabeling
both equations yield the same transition probabilities and that it is only a different perspective to solve the same
problem. The term ’'backward’-Fokker-Planck equation is somewhat ill-posed and can not be exchanged for ’time-
reversed’. In analogy to quantum mechanics, the forward Fokker-Planck equation describes the time evolution of
the probability density and an average of any dynamical property is taken at a specific time point ¢ like in the
Schréodinger picture. Conversely, the backward Fokker-Planck equation corresponds to the Heisenberg picture where
the focus lies on the time evolution of a dynamical observable and the averages are taken over initial conditions.
Like in quantum mechanics both approaches are thus describing exactly the same physics. They are merely offering
different perspectives and can be interchanged by a simple transformation. Ultimately both approaches hence refer
to the same transition probability densities. In the next section we show how the concept of time-reversal is to be
introduced into a stochastic framework.



II. TIME REVERSAL AND ALIGNMENT

The mathematical construction of the aligned and time reversed ensemble can be split into three parts. (i) The

general definition of time reversal for SDEs, (ii) its adaptation to sample paths L (t) that hit a target state Lrs after
time T;, and (iii) the alignment and time reversal of a complete ensemble of sample paths L;(7) into one ensemble
depending on their “time to completion” 7 =T; — ¢.

In the first part we present the SDE for the time reversal of sample paths L;(t) of fixed lifetime 7. The ensemble
P(L,t) of sample paths L;(t), evolves freely according to a general stochastic law of motion. The reverse time ensemble
then consists of sample paths L;(7) = L;(T — 7). All sample paths L;(t) start at the same time to and evolve for the
same time interval T'. The time reversed SDE describes precisely this ensemble, but in reverse time. It starts from the
final distribution of the forward process P(L, 7o) = P(L, T) and evolves into the initial distribution P(L,T) = P(L, to).
One illustrative example realization of both a forward ensemble P(Z, t) and time reversed ensemble P(L, T) is shown
in Fig. 1.

FIG. 1. Time reversal of an ensemble with natural boundary conditions. (Left): Evolution of a set of sample paths
L;(t) up to a time T. (Right): The set of time reverted sample paths L;(7). Natural boundary conditions are defined as
P(L — 4o00,t) = 0.

In the second part, we consider the time reversal of sample paths L;(¢) that hit a target state Lrg after a fixed
time 7; = T. In this step, we pick precisely those sample paths L; of the full forward ensemble P(L,t) that arrive
at a target state after a particular time to completion T;. The time reversed SDE for this sub-ensemble is the same
as derived in the ﬁrst part, with the initial condition of the reverse time process specialized as a delta-distribution
P(L,719) = (L — Lts) localized at the target state. All sample paths of this sub-ensemble start at Ltg and progress
towards the initial conditions of the forward process. They are all of the same lifetime T;. A realization of this time
reversed sub-ensemble together with the full forward ensemble up to time T; is shown in Fig. 2

Finally, in the last step, we construct the complete ensemble of time reversed TSA sample paths L;(7), of different
lifetimes T3, in a common time to completion reference frame. Depending on its noise and underlying stochastic law of
motion each sample path El(t) hits Lrs after a different time 7T}, which by itself is a random variable. The distribution
PTps(T |Lo) of lifetimes T is defined by the forward SDE of Eq. (3) and its initial conditions. To obtain the complete
time reversed ensemble, we first construct a time reversed sub-ensemble for each lifetime 7;. The complete time
reversed ensemble is then obtained by averaging over these sub-ensembles with respect to the distribution of lifetimes
Piy (T|EO) This construction of the complete time reversed ensemble out of sub-ensembles of different lifetimes is
demonstrated in Fig. 3. Target state alignment is achieved by constructing each time reversed sub-ensemble starting
from Lrg and 7 = 0. The full time reversed ensemble then also starts from this initial state (LTS, T =0).

The following sections give a mathematically detailed account of the three steps leading to the construction of an
target state aligned and time reversed ensemble. We start with the derivation of a general time reversed SDE.
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FIG. 2. Time reversal of a terminating sub-ensemble. (Left): Evolution of a set of sample paths L;(t) up to an
irreversible target state. Different sample paths L;(¢) hit Lts at different times T;. (Right): Time reversal of a representative

sample path E, (t) that has hit ETS after time 7; (dark blue). A realization of the sub-ensemble that has terminated after T;
(light blue).

FIG. 3. Time reversal and alignment of the complete terminating ensemble. (Left): A set of realizations of the
complete forward ensemble. Three exemplary sample paths of different lifetimes T; are highlighted. (Right): Time reversal
of terminating sub-ensembles according to their lifetime T;. The full ensemble is formed of sub-ensembles where three are
exemplary highlighted.

A. The reverse time Fokker-Planck equation

Time reversal of a stochastic process is a non trivial operation. While a deterministic process is described by an
ODE and a single final condition, time reversal of a stochastic process does not simply turn a forward SDE into a
reverse time SDE. This finding is rooted in the observation that transition probability densities of the reverse process
must depend both on the initial and final conditions of the forward process. We start by noting that a stochastic
process constrained by initial and final conditions can be constructed from the product of two transition probability
densities

P(Ly, t51L,t)P(L,t|Lo, to) - (7)

To ensure that sample paths start at (Zo, to) and end at (Z #,tf) with probability one, this process is normalized using
the Chapman Kolmogorov Eq. (2). The normalized process

P(zfvtt|z7t>P(zvt|z07t0)

P(L,t|Ly,ty; Lo, to) = s S
P(Lfvtf|L0?t0)

(8)



is called a bridge process of lifetime 1" = ¢ — to and defines the evolution of stochastic processes conditioned on both
the initial (Lo, to) and final conditions (Zf, t7)[2]. We note that P(L, t|Ef, ty; Lo, to) is symmetric under time reversal
i.e. relabeling of indices. The initial conditions of the forward process (Zo,to) are then the final conditions of the
reverse time process (Ly,77) and vice versa. The bridge process defined in reverse time 7 = ¢ty — ¢ and with 79 = 0
then reads P(L, T|Lg, 70, Lys, 7f). The SDE that describes this process is known [3] and assumes the form

dL(T) = (—f(L) + Da% log (P™(L,T — 7|Ly, 0))) dr ++/D dW- (9)

where P™(L,T — 7|L¢,0) denotes the solution of the forward Fokker Planck equation evaluated in reverse time 7.
The initial conditions of this process are given by the final distribution wa(zf,tf|zo,t0) of the forward process.
The guiding force Da% log P (L, T — 7|Ly,0) ensures that every L;() synthesized in reverse time 7 is statistically
indistinguishable from a forward sample path EZ of lifetime T'. Close to 7 ~ T, P™(L,T — 7|L t,0) becomes peaked
and deviations from P(Eo) =9 (E — EO) are suppressed by strong gradients of the guiding potential. The system is
driven towards the initial conditions of the forward process. Note that the guiding force takes the form of an entropic
force[4] which reverses the single trajectory entropy production of the forward process[5] until the entropy of the
forward initial conditions is reinstalled. An illustration of both an example forward ensemble and its time reversed
equivalent is show in Fig. 1.

The SDE Eq. (9) captures the dynamics of a time reversed process of fixed lifetime T and is the first key equation to

our approach. Its original derivation[3] builds on the equivalence of Langevin and Fokker-Planck equations in which
Eq. (9) is obtained from the reverse time Fokker-Planck Equation

8PL7 La 7L7 8 a W
Lerltprriton) - B (1) - Dy tog P (LT = 71L7,0)) PULLrIL . 77 Loy o

D&
3 OL?

+ P(L,7|Ly,7y; Lo, T0) - (10)
The conditional probability density P(L,T|L¢, 7s; Lo, 7o) describes the evolution of reverse sample paths L(7) of fixed
lifetime T'. It depends on both, the initial and final conditions Lo and L ¢ of the forward process. The subsequent
derivation of Eq. (10) follows Anderson’s[3]. We here use the notation employed in the main text and add intermediate
steps omitted in Anderson[3]. A mathematically more rigorous derivation can be found in Follmer[6].

The derivation proceeds in three steps: First, we derive an evolution equation of the joint probability density
P(L,t; L 7t f|Z0, to) using both the backward and forward Fokker-Planck equation Eq. (6) and Eq. (5) for the forward
sample paths z(t) that evolve with time ¢. From this intermediate result the evolution equation for the conditional
probability density P(z, t|z £ty Lo, to) follows directly. It describes sample paths L; (t) that are constrained to both
initial and final conditions. Finally we transform the evolution equation of P(z, t|Z 7ty Lo, to) into the reverse time
Fokker-Planck Equation for P(L,7|Ly, 7s; Lo, 79) by time reversal. Note, that we will omit writing out the explicit
dependence on the initial conditions (Zo,to) during this derivation for notational clarity. Even if not stated, every
probability density used in this derivation carries (ZO, to) as a condition.

We start with writing the joint probability density from Eq. (7)

P(L,t; Ly, t;) = P(Ly,t;|L,t)P(L,t) (11)

as a product of a conditional probability densities assuming ¢; > ¢. Taking the derivative with respect to ¢t on both
sides and multiplying both sides with (—1), we obtain

COPLELpte) (i) 0 p(Ey L) - P L0 S PEY) (12)

Substituting O%P(z 25| L, t) using the backward Fokker-Planck Eq. (6) and %P(Z, t) using the forward Fokker-Planck
Eq. (5) yields

T 4+ T ~ ~ - - 2 - -
ORI p(L) [ 1) P thlE0) + 5 o= Pty

oL 20L
- ~ o o~ o~ D 9* _ ~
+ PEsts L0 | L) PG - 52T (13)
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In the next steps we rewrite all D-dependent terms to eventually obtain a diffusion term of the form % 8‘95 P (f, t; L £rty)

and a residual term. We start by applying the product rule to all D-dependent terms in Eq. (13) and find

D[ ~ 8 -~ = D[ ~ ~ 9 -

- % {aa’i (P(f,t)aazP(ff,th,t)> - (%P(it)) (%P(ff,tfit)ﬂ
D

0 ~ ~ 0 _ ~ 0 _ ~ ~ o  ~
— — |—= | P(Lys,tf|L,t)—=P(L,t) | — | =P (L¢,t¢|L,t —P(L,t . 14
2[8L<(f T )) (8L (et ))<E)L ( ))] -
The product terms cancel and the equation simplifies to

DO [ ~ 0 ~ o~ N
= 2 (P )L P(Ly L, t) — P(Ly L t)~—<P(L,t) ) . 15
e (PEDEPEstrIE0 - PEptL 0 2P0 (1)

Using the product rule a second time, but now only for the first term

D9

0 = ~ ~ ~ ~ 0 _ ~ ~ ~ 0 _ ~
=507 ( (P(L,t) P(Lf7tf|Lvt)> = DLyt t) = P(L, 1) = P(Lf»tflLat)gLvP(Lat)) ) (16)

oL
and summing identical terms, yields the described diffusion term minus a residual term

0

_bo (P(E,t) P(Ef,tf|z,t)) -~ ( P(Ef,tfz,t);,iP(E,t)> . (17)

291
Next we consider all f(L) containing terms in Eq. (13). Application of the product rule allows to simplify terms to
obtain

~ -9 o~ - - - 0 o~ o~
L)z P(LytylLt) + P(Lyty| L) = FDPLE) =

0

== (f(E)P(Ef,tf|E,t) P(Z,t)) . (18)

We can now collect all rewritten f(L) and D-dependent terms and (after joining the probability densities P(L roty IL,t)
and P(L,t) using Eq. (11)) bring Eq. (13) into the form

_aP(f,t;ff,tf) 0

ot ~ oL
LD
2 9L2

JOPE, 6 Lyty) ~ D P(Ef,tf|i,t>§ip<i,t>]
P(L,t; Ly, ty) . (19)

Note that the term —D P(Ef7 tf|z, t)a%P(z, t), although depending on the diffusion constant D, is now assigned to
the drift part. Rewriting this term, using again Eq. (11) in the form P(ff, tf|Z, t) = P(ff, ty; L,t)/P(L,t), yields

Pty ty) _ D K 0. D W>p(z,t;zf,tf>]

ot "~ oL P(L,t) oL
D® - -
3 onlbtLts) (20)

This is our first intermediate result. The evolution equation for the joined probability density P(E7 t; L £rtg).
Dividing this equation by P(Ly,ty), the distribution of the final state, results in an evolution equation of the form

_OP(LALL 1)) aK DD W>P(i,t|zf,tf>]

ot oL P(L,t) 0L
D 02 ~ o~



which in its force term can be simplified further to obtain

_6P(E,t|ff,tf) _ i

BT o7 Kf(f) - D(% log P(Z,t)) P(Z,t@f,tf)}

D o? _ -~ -
— ——P(L,t|Ls,ty) . 22
3o Lt t) (22)
To make the interpretation of this equation and especially of the term P(z,t) explicit, the dependence of every
probability density on the initial conditions (L, tg), suppressed throughout this derivation, is now restored to yield

OP(L,t|Lo,to; Ls,tf) O [( ~ ) ~ o~ ) ~ o~ ~ }

— == L) — D—=log P(L,t|Lo,to) | P(L,t|Lo,to; L¢,t

ET o7 f(L) 8L0g( |Lo,to) | P(L,t|Lo,to; Ly, ty)
D 9?

= =2 _P(L,t|Lo,to; L.t 23
+28L P(L,t|Lo, to; Ly, tg) - (23)

The conditional probability density P(Z,t\zo,to; L £,ty) describes the evolution of sample paths Z(t) in wall time ¢
connecting an initial state Lg,to with a final state L¢,¢¢. This is our second intermediate result.
The time reversed Fokker-Planck Equation can be obtained from Eq. (23) by replacing the wall time ¢ with the

reverse time 7. Setting 7 = ¢ty — ¢, and the duration of the forward process after which it is reverted to T' =ty — to,
the resulting equation reads

OP(L,7|Lo,to, Ly t;) O d ; o
= — L)y—D—log PV (L, T —7|L P(L,7|L L
a7 oL f( ) oL 0g ( ) T‘ f»O) ( aT| 07t07 fatf)
D 9? ~ ~
“!‘5@P(L,T|Lo,to,[1f,tf) . (24)

The superscript (fw) was added for clarity. In the final step we replace all forward coordinates L by their time
reversed equivalent L and obtain the final result already stated in Eq. (10). The initial conditions of Eq. (10) can

be drawn from the final distribution of the forward process P™ (L 7t f|zo,t0). Solving or approximating the time
reversed Fokker-Planck Equation therefore crucially depends on knowledge about the forward process.

B. The time reversal of a terminating sub-ensemble

Time reversal of a sub-ensemble which ends at a target state ZTS after time T' = t; — 1 is a special case of the
general formulation of the reverse time Fokker-Planck Eq. (10). From a constructive perspective two specifications
are necessary. First, to invoke an irreversible target state, an absorbing boundary condition

P(L,t|Lo,to) =0 for L= Lrg (25)

must be implemented. Second, with absorbing boundary conditions the product of the two transition probability
densities which define the not yet normalized bridge Eq. (7), is zero for L ;o Ls. The second transition P(L fite \L t)

in Eq. (7) must therefore be replaced by the probability to reach the target state LTS starting from L and after a
time ¢y — ¢. This probability flux into the boundary is called a hitting time distribution and is defined as

- 9 [ - -
Pips(tr|Lst) = “ai; ) dLy P(Ly,ts|L,1) . (26)
TS

The un-normalized bridge, which starts at ZO, ends at L ;= ZTS and only includes sample paths which reach the
target state exactly after a time T =ty — %o, is then defined as

pETS(tf|Eat)P(Z7t|ZOatO) . (27)

To ensure that sample paths starting at Zo end at L F= ETS with probability one, Eq. (27) is normalized with respect
to the hitting time distribution pz__(tf[Lo,to). The full bridge ending at a target state then reads

PErs (7|1 ) P(L, t| Lo, to)

R~ (L t|L0 to; tf)
l ) b
PL S(tf|L07t0)

(28)
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We will show below, that p7_ (t f|Z, t) is a solution of the backward Fokker Planck and that the normalization of this
bridge process is again a hitting time distribution. The dynamics of Eq. (28) written in reverse time 7 are therefore
formally identical to Eq. (10) and read

aRLTs (Lvé;‘_Lf, Tf; TO) _ % |:<f(L> _ D% log PfW(L’ T T‘Lf, O)) RLTS (L, T|Lf, 5 TO)

xa

2 0L

We again added the upper index (fw) for clarity. The corresponding reverse time SDE is thus identical to Eq. (9)
with P™(L, T — T\Eo, 0) assumed with an absorbing boundary at Lts. Assuming absorbing boundary conditions for

RLTS (La T|Lf7 Tf; TO) . (29)

pftw (E, t\io, to), the guiding force in Eq. (9) automatically prevents time reversed sample paths L;(7) from returning

to Ltg for 7 > 0. This can be seen by evaluating the guiding force D% log P™(L, T — 7|Lys,0) with respect to

the absorbing boundary condition. Lets assume the irreversible target state Lrg is a lower boundary of the one

dimensional dynamic. As P™(L,T —7|L;,0) —— 0 approaches zero from above close to the absorbing boundary,
L—Lrs

log PY(L, T — 7|Ls,0) —— —oo diverges. The guiding force D-2-log P™(L,T — 7|Ly,0) —— oo therefore

L—Lrs L—)ZTS
diverges as well and thus behaves as an infinitely large barrier that prevents all L;(7) from returning to Lrs.

1. The target state bridge normalization

In this sub section we show that P (t f|EO7 to) is the normalization for the target-state bridge process. One step in
this calculation is based on the assumption that the Chapman-Kolmogorov equation Eq. (2) also holds, when not the
full probability space is considered but only those transitions which do not end at a target state, i.e. P(L’,#'|L,t). This
assumption is implicit to all calculations of Fokker-Planck equations with absorbing boundary conditions imposed.
Nevertheless, as we are not aware of an explicit demonstration of this claim, we will briefly sketch a derivation below.
This sub-section first shows that a Chapman Kolmogorov equation also holds for this subspace of transitions. In a
second step this result is used to determine the normalization of a bridge process with target state at an absorbing
boundary. o B B

We first demonstrate that a Chapman-Kolmogorov like equation also holds for P(L,t|Lo,to) and P(Ly¢,tf|L,t)
which are not normalized, as transitions to the absorbing boundary are split off as an extra term. Splitting the
expression into those two terms yields

PRI 4L t0) = (Z - ZTS) PS(t| Lo, to) + P(L,t| Lo, to) (30)

where PTS (t|z0, to) denotes the over time ¢ —t( at the target state accumulated probability mass. For this normalized
expression Chapman-Kolmogorov holds

Pfun(zf7tf|z07t0) = /~ dz Pfull(zf7tf|zat)Pqu(Eat|z07t0) (31)

Lrs

and can be rewritten using the definition Eq. (30) to yield

:/~ dL (5 (Zf—ETS) PTS(tf|Z,t)+P(Zf,tf\z,t)) PRI #{Lo, to) - (32)

Lrs

Evaluating the first term of the product we find

oo
=4 (Lf — LTS) PTS(t¢| Lo, to) +/E dL P(Lg,ts|L,t)P™ (L, t|Lo,to) - (33)
S

T

Due to the absorbing boundary condition, transitions from Lyo—>L— 1L £, with L r#F ZTS, are only possible if the
intermediate step does not end at the absorbing boundary. We can therefore simplify the remaining integral to include
only transitions that do not end at the target state. The final equation reads

)
:(5(Lf—LTs) PTS(tf‘LU7t0)+‘/~ dL P(Lf7tf|L,t)P(L,t|L07t0) . (34)

Lts



10

Comparing this result with the definition of Pf““(z £t f|i, t) in Eq. (30), this implies, that the Chapman Kolmogorov
like identity
~ ~ 0 ~ ~ ~ ~ ~
Lrs
holds. We next use this identity to obtain the normalization for the target-state bridge Eq. (27) by integration over
L. Using the definition of the hitting time distribution

oo oo

_ ~ - o 9 -
dL py. (5L, )P(L, Lo, to) = _/~ dL P(L.t|Eo,t0) 2 [ dL; P(L.t4|L00) . (36)
Lrs 8tf Lts

Lrs

taking both the derivative with respect to ¢y and the integral with respect to L ¢ to the outside, we arrive at

a o0 — o0 ~ — ~ — ~
— o [ dLy [ il PEiEe ) PEr L) (37)
s Jirs 7

TS

We replace the inner integral by the above derived version of the Chapman Kolmogorov equation Eq. (35)

o [ ~ ~ ~
=—5— [ dLs P(Ly,ts[Lo,to) (38)
atf Ls
and find that the hitting time distribution
= P (tf Lo, to) (39)

for processes starting at (Lo, o) and ending at (Lts,t r) is the normalization of the bridge process Eq. (28).

2.  Backward Fokker-Planck for hitting time distribution

To conclude the above section on bridge processes with target states we recall that the hitting time distribution
PTps(tr|L,t) fulfills the backward Fokker-Planck equation Eq. (6). This can be seen by taking the derivative of
Eq. (26) with respect to ¢

0 ~ o [ 0 ~ ~
—p7. (ts|L,t) = —— dLy— P(Lys,tf|L,t) . 40
5 PTrs (L11L:1) ot Jo. o (Ly,ty|L,1) (40)

Substituting the backward Fokker-Planck equation Eq. (6)

o [ -9 -~ - D® - -
=~ 2 A (D)L P(Ls 5L, t) — =L P(Ls t5|L,t
o [ty (<0 Pt - 2 P

Lrs

and replacing all P(Ef, tf|z, t) dependent terms by the definition of the hitting time distribution Eq. (26), we obtain
the backward Fokker Planck for hitting time distributions

—E8~tZtD2~tZt 41
=—f( )a*EPLTS(Ha)*?ﬁPLTS(H 1) (41)

C. The time reversal and alignment of the full terminating ensemble

So far we considered the time reversal of sample paths El(t) of identical lifetime T; = T'. The lifetime T;, however, is

a stochastic variable. Different sample paths L;(t) reach the target state after different lifetimes T;. The distribution
of lifetimes is the hitting time distribution PErs (tf|Lo,to). The full forward ensemble of all sample paths starting

at (Emto) and ending at ETS after a random time t; can therefore be understood as comprised of sub-ensembles
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Riq (Z, t\zo, to; ty) each of a different lifetime T;. Each of these sub-ensembles then contributes to the full ensemble
with a weight given by the hitting time distribution p; S(tf|fo, to)

In this perspective, target state alignment consists of detaching all these sub-ensembles from their initiation point
(Zo, to) and shifting all sample paths to reach the target state at a common reference time ty. The resulting target
state aligned ensemble in forward time

t

RETS(Z,t;tHZo):/ dtop, (tf|Lo, to) Ry, (L,t| Lo, to; ty) (42)
oo

is then given as the hitting time weighted integral of target-state aligned sub-ensembles. By target state alignment
we choose one t; for all sub-ensembles. Keeping t¢ fixed, T; =t — to or respectively ¢, becomes the random variable
over which we integrate. Notably, not all sub-ensembles contribute to the full TSA ensemble at all times. The longer
the lifetime ¢y — ¢, the fewer sub-ensembles have a lifetime 7T} long enough to still contribute. The integral bounds
therefore enforce that at time ¢ only those sub-ensembles with a minimal lifetime ¢y — ¢ contribute.

In reverse time 7 the expression for the TSA ensemble is

Rprs (L, 7570|Ly) =/ dTyprLrs(TolLg, Tf) Rips (L, 7Ly, 75 70) - (43)

With 7y identically fixed for all sub-ensembles only those sub-ensembles contribute at time 7 with a lifetime T; > 7—7p.
The reverse time TSA ensemble Ry (L, 7T;79|Ly) is therefore not normalized. It decays with the the hitting time
distribution pr g (70|Ly, Tf).

In the next step we generalize this expression to include sample-paths with their initial position ZO drawn from an
input distributions P"(Lg). For the reverse time TSA ensemble this generalization simply amounts to integrating
over Eq. (43) with respect to P"(Ly) and we arrive at

oo o0

Rp.(L,T;70) :/ dePi“(Lf)/ dTfpLrs (TolLgs Tf) Rips (L, T|Lyg, 775 70) - (44)

LTS T

This expression is exactly the same as stated in the main text, where the concept of TSA ensembles is introduced.
There, we set R(L,T) := Rp.(L,T;70) and neglected the for the intuition irrelevant dependency on Ltg and 7.

Independent of its notation, Ry, (L, T; 7o) satisfies an easy to interpret reverse time Fokker-Planck equation which
reads

9 .
7RLTS (LaT;TO) = _Pm(L)pLTs (T‘L)

or
8 L L’ 2f(L") 7" L .
f(L)+D 57 log / ) s - [ / P (L"YdL"
L Lrs Lrs

_9
oL
RLTS (La T3 TO) . (45)

Rps(L, 75 To))

D §?

T2

The exact derivation is presented further below in this section. The first term constitutes a sink where probability

mass proportional to the hitting time distribution is lost. For delta initial conditions P"(L) = §(L — Ly) the sink

is only active for L = Ly. For arbitrary input distributions P®(L ¢) the rate of probability loss is still proportional

to the hitting time distribution but now additionally to the number of sample paths which originated in an interval

P (L)dL. This is exactly in accordance with the construction of Ry (L, ;7o) in Eq. (44). The second line represents
the drift and the third a simple diffusion term.

This form of the Fokker Planck equation for the reverse time TSA ensemble Eq. (45) corresponds to the Langevin
equation

oL Ls Ls

L L' 2f(L" " ’ .
dL(t) = <f(L) + D 9 log ( dL’ e=J" 5L <1 - P‘“(L”)dL”))) dr + VD dW, (46)

under Ito interpretation.
For further use, we split Eq. (46) into conceptually meaningful components. We call the total deterministic contri-
butions to the force, the TSA force fTSA(L). This allows to rewrite Eq. (46) as

dL() = f™ML) dr + VD dw, . (47)
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The TSA force
FUMEL) = F(L) + fFAL) (48)

is comprised of two parts. A term which is exactly identical to the drift term of the forward Fokker Planck Eq. (5)
and points in the same direction. Second, a “free energy force”

L /2 ' "
fAL)=D ;Llog< | ar e/ ML H(L’)) (49)
TS
_.pY, Z(L) (50)
—Yar %

which reverses the combined entropy production of all sample paths of the strongly terminal system. The partition
function Z(L) is here defined as the weighted integral over the Boltzmann factor for the sign inverted forward force
f(L) times the sigmoidal function

L
H(L)=1 —/L P(L)dL' . (51)

TS

For forward initial conditions P™(L) = §(L — Ly), the term H(L) evaluates to a Heaviside step function. Above L
only the term f(L), identical to the forward dynamics, contributes. Below Ly the free energy force contributes fully.

For stochastic dynamics, the probability of the system to be found at a certain position does not only dependent
on the potential, but also an the possible number of states it can assume, i.e. on the entropy. When studied over all
possible sample path lifetimes as implied by the construction of the TSA ensemble, the potential to be reverted is not
only the integral over the force but also the entropic contribution summarized over all times, i.e. (and in analogy to
stochastic thermodynamics[5]) the single particle free energy. To revert the forward force f(L) and the effect of the
stochastic forcing, the free energy force must be proportional to twice the force f(L). Once to compensate for the
forward dynamics and once to re-direct the dynamics on the free energy surface back to the forward initial conditions.
The factor 2 can either be read off from the Boltzmann factor in Eq. (49), or more intuitively, by substituting the
Einstein relation D = %[1} kp would the Boltzmann constant, 7" the temperature and 7 the friction coefficient.
With this substitution it becomes apparent that the contribution due to the change in free energy comes with a factor
of 2.

For an arbitrary input distribution P™(L), the contribution of the free energy force to the drift vanishes gradually
along a sigmoidal like curve with larger values of L. This implies that above the bulk of initial positions forward and
TSA dynamics are indistinguishable in their dynamical law. Below however the free energy force reverses the forward
dynamics and adds additional terms which we will study below.

While the drift and diffusion terms are straight forward to transfer, the sink is not represented by the SDE Eq. (46)
and needs to be handled with care. For diffusion limited reaction diffusion systems|[7] it is known that a Fokker-Planck
equation of the form

2

2P(L,T) = —k(L,7)P(L,T) — 9 (L)P(L,T) + b

or or" sor2t 7 (52

transforms to a Langevin equation with Ito interpretation and killing measure k(L, 7)[8, 9]. The killing measure here
defines the probability py = k(L, 7)d7 of a sample path to be terminated at position L at time 7. It must be evaluated
in each timestep and for each sample path. Comparing terms, Eq. (52) and Eq. (45) tell us, that the killing measure
for the reverse time TSA ensemble is given by

11
k(L,T) _ P (L)pLTS (T‘L) ) (53)
RLTS (La ) TO)

It defines the fraction of at time 7 and position L still present sample paths that must be terminated. In general, it
is surprisingly hard to correctly execute the killing measure on a single trajectory level when doing simulations. For
example in the case of a delta-sink, i.e. a Robbin or radiation boundary condition, it yields the wrong result to simply
terminate all sample paths that cross the sink within a finite simulation step A7 with probability pr = k(L, 7)AT.
Instead, the sink crossing must be modeled as a diffusion process of duration A7 and the case of not seen crossings
within the simulation step A7 must be included. For details we refer to Erban and Chapman[10].

For the killing measure of reverse time TSA ensembles these problems are in a sense less severe but come with a prize.
Notably, the killing measure in Eq. (53) can not be executed on a trajectory by trajectory level as it depends on the full
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distribution of still present sample paths Ry, (L, 7; 7). This however suggests to simply do counting. We determine
the fraction of still present sample paths N, that must be killed in the space-time interval [L, L + AL] x [7,7 + A7],
P‘"(L)pLTS( |L)dLdr

ie. and divide it by the fraction of sample paths M which are actually in the interval. n, Ay,

denotes the bln count. For ratios larger than one, we terminate all bample paths in the interval. For ratios smaller
than one, we draw uniform random numbers and compare to the ratio. Formally this is called a metropolis criterion
and we obtain the empirical killing measure

(54)

k(L,7)AT = min <1, PH(L)ALpLrs (T|L)AT) .

nT,ALAL

Comparing the value of the killing measure for each trajectory at time 7 to an iid random variable, this criterion
allows to determine for each trajectory whether is must be terminated in the current step or not.

D. Derivation of the reverse time TSA Fokker Planck equation

Our derivation starts from the definition of the TSA ensemble for an arbitrary initial distribution Ry, (L, T;70)
Eq. (44), here defined in forward time ¢

oo

t
Ry (L,t;ty) :/Z dLOPm(Lo)/ dtopg, . (trlLosto) Ry (L, t| Lo, toitys) - (55)
—o0

TS
Using the definition of TSA sub-ensembles Eq. (28) this expression simplifies to

oo

t
_ [ dLoPm(Lo)/ dtopr, (t|L, ) P(E, t| Lo, to) - (56)

Lrs

To derive the corresponding Fokker Planck equation we take the time derivative on both sides of Eq. (55) and Eq. (56)
and arrive at

~ .~ 0 rt ~ ~ ~
dLoPm(Lo)a/ dtopZTs(tﬂL,t)P(L,t|L0,tU) . (57)

— o0

o

o ~

Lrs

Applying the Leibniz rule leads to

o) t
~ L - -~ o - -
:/~ Lo P (L) (pZTS(tf|L,t)P(L,tLo,t)Jr/ dtoz: (o, (tf|L,t)P(L,t|L0,t0))> (58)
LTS — 00
or equivalently
e} . o . . . t 8 . -
- [ dtapnii) (pZTsuﬂL,t)a(L I+ [ mdtomRsz(LJ;tho,to)) . (59)

The first term evaluates to the hitting time distribution times the probability to be at the initial position Zo. The
second term defines a double integral over the dynamics of a single contributing bridge process /sub-ensemble. We
obtain

(oo}

7 in T ¥ pin(F ! 9 7 7
:pZTs(tf|L’t)P (L)—i— 5 dLoP (Lo) (/_Oo dtoatRZTS(L,t;tﬂLo,to)) . (60)

Lts

In the next step we substitute %RETS (Z, t;t f\fo, to) with the Fokker Planck equation of the non-normalized bridge
process as derived above in this section. We substitute the dynamics in the form given by the intermediate result
Eq. (19), which allows us to handle the integral over ¢ty and Lo more easily. Note, that the transition probability to

reach the final state P(Ef, tf|z, t) in Eq. (19) was replaced by the hitting time probability PLrs (tf|Z7 t), and the joint
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probability P(Z, t, Zf, tf|zo, to) of the two transitions by the respective joint probability Ry (Z, t; tf|zo, to), to map
the general bridge process to a bridge process which ends at a target state. The resulting evolution equation reads

9 T T in/7
5¢ Bins (Lo tits) = prp (8|1, ) P(L)

0o - t a . - - . a . .
—/~ dLOP"‘(LO)/ o [f(L)RZTS(L,t;tﬂLO,tO)—DpETS(tf|L7t)a,LvP(L,tLO,to)
L

TS — 00
[e’e) 62 .
— dLopm Lo / dt() —R5 L, t; t Lo, to . 61
- > 972 s (Lo Tt ) (61)
We recall that Ry (Z,t;tﬂio,to) is defined as pg,__ (tﬂi,t)P(Z,t\zo,to) according to Eq. (27). This allows us to
use the defining equation of RZTS(Z’ t;tr) Eq. (56), and we arrive at the simplified evolution equation

= pp.. (tf| L, t) P™(L)
o[, ~ - ~ 9[>
~oF F(L)Rg, (L, tity) —Dpsz(tf|L7t)87 .

D o2
BErS

t

Lo P™(To) / dtoP(L, t| Lo, o)

TS —0o0

ﬂt;tf) . (62)

To obtain the guiding force and recover Ry (Z, t;ty) in the second drift term as well, we multiply PTre (tf\z, t) b

fi’;s dLoP™(Ly) fioo dtoP(L,t|Lo, to) both in nominator and denominator

= Piy (t71 L D)S(L = Lo)

P - -
-z [f(L)RETS (L,t:ty) (63)
D [ dLoP™(Lo) [*_ dtoP(L,t|Lo,to)pr. (t¢|L,t o gt [
D 2 i O?f:w - (L tlL0, fo) s (t] )Q/~ dLOP““(Lo)/ dtoP(L, t|Lo, to)
fZTS dLQPm(L()) f—oo dtoP(LJ‘L(),tQ) OL JIrs —o0
D H?
3y e Botity) (64)

The nominator then evaluates to DR; (f,t;tf), using again Eq. (56). The denominator together with the rest of

. . . TS . . . . . .
the expression can then be simplified to the form of a guiding force with Ly and ¢y integrated out from the guiding
probability. We arrive at our first intermediate result

PrL (tr| L, 1) P (L)
_ 9 f(i)—Dﬁlo < T i P(L )/t dtoP(L,t|Lo, t )ﬂ R: (L, t:ty)
az az g o 0 0 - 0 y 0,50 Lrg U bf
D 92 ~
- EERZTS (L,t;ty) (65)

in the derivation of the full reverse time TSA Fokker-Planck equation Eq. (45). Both this intermediate result and the
dynamics for the free reverse time bridge Eq. (10) depend on the solution of the forward Fokker Planck P(L,t| L, to).
Unfortunately, explicit solutions for P(L t|L0, to) are only known for very few cases. Interestingly, the above trans-
formations have shown that it is not P(L,#|Lo,to) but

Q(L) := A dLy P™(Lo) / dtoP(L, Lo, to) (66)

Lrs

we need an expression for. We introduce A as a normalization factor to treat Q(z) as a normalized distribution. The

normalization is necessary as P(E, t|z0, to) is implied with absorbing boundary conditions and decays with the hitting
time distribution, as discussed above.
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To derive an explicit expression for this integral we start with the forward Fokker-Planck equation

= P(L.t|Lo.to) = 9 (FEIP(L 1L to) ) + DO p(L Lo 10) (67)
L oL 2 9L2
and integrate out the dependence on the initial time g
/t dtogP(f t|Lo, to) = /t dto <_3~ (f(E)P(E t| Lo to)) + Do P(L,t|Lg t0)> : (68)
e Ot T oo oL T 2 §L2 ’

To evaluate the left hand side we change to an integral over the distance s = t—tg and adapt the derivative accordingly.
The resulting integral

t 0
|t PEatiEonto) = — [ ds g P(Ls|E0,0) = ~P(E.01L0,0) = ~0(E - L) (69)

— 00 oo

evaluates to minus the delta initial conditions of the forward process. The 400 term vanishes due to the natural
boundary condition we impose. We define the non-equilibrium stationary probability density with delta insertion
probability at Lg
QEILo) = )\/ dtoP (L, t|Fo.to) = —)\/ dsP(E. 5|T0,0) = Q(L. 00| Lo, 0) . (70)
—00 0o
The generalization Q(L) Eq. (66) to arbitrary insertion probabilities is obtained by multiplication with P (Lg) and
subsequent integration over Ly. The resulting ordinary differential equation then reads

D 9?

PRI = - 2 (FD1QD) + 5 5= QD)

Q(Lrs) =0. (71)
Integrating Eq. (71) over the full interval L € [Lys, 0] and with fL P(L)) dL' = 1 we find

Do

Y (Lts) (72)

For completeness note, that A, as already discussed in Zhang et. al. [11], defines a steady state probability flux at

Lrs. Importantly equation Eq. (71) can be solved exactly. For completness we here reproduce the result given in
Zhang et. al. [11].

To solve the ordinary differential equation Eq. (71) for Q(L) we first integrate over L

-~ L D 92 L L
- (L) - + = L = —)\/ PY(LNdL! 73
QU+ 5 Q| ==A [ P (73)
and obtain
- - Do - Lo
—fLQL)+ =—=Q(L)=X|1- pP™(LNdL' | . (74)
2 0L Ls
Combining the terms on the left hand side into a single expression yields
o ~ % gy L
D oy esghan 9 (Q(L)e—f “D“dL) =1 _/ PR(LYdL | (75)
2 oL Lrs

In the last step we again integrate from ETS to L and solve for Q(Z) to obtain

i Ly =~ L ~ 7 Ly = 27 — —
Qi) = 22 oJF ghar /~ A e~ /" HEA (1 /~ P™L"ydL" | (76)
D LTS LTS
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which is the second intermediate result. _
In the final step of the derivation of the full reverse time TSA dynamics we plug the obtained result for Q(L) into

Eq. (65). Using the obtained result for Q(E), and P'™(L) as normalized distribution, we find for the guiding force

L T a5y o o
D%logcz(i):zf@)wlog ( / dL e " Hparr (1 / P”‘(ﬂ’)dL")) : (77)
L

TS Lrs
With this, we obtain the final reverse time Fokker Planck written in forward time

B
57 s

B)
+—=

=
D&

2 9L2

L,t;ty) = P"(L)pg, . (ts|L,t)

~ 0] L Ll 2017 475 oo
f(L)+D —log / dL e~ /7 oAl [ — / P (L"YdL"
8[/ ETS ZTS

Ry (L.t;ty) . (78)

Ry, (L.t; tf))

To revert the time axis we set 7 =ty —t, Ly = EO and obtain the full reverse time TSA Fokker-Planck equation as
stated in Eq. (45).

III. NORMALIZED TSA DYNAMICS

The TSA ensemble Ry, (L, T;7p), derived in section IIC, is the exact mathematical description of an ensemble of
target state aligned trajectories. In reverse time more and more trajectories reach the end of their lifetime and stop
to contribute to the ensemble. At 7 — oo the ensemble vanishes. To calculate the moments of this ensemble, averages
however must be taken with respect to a for each time 7 normalized distribution. This normalized TSA ensemble
then reads

RLTS (Lv T3 7_0)
Jino dL Rppg (L, 7570)

In this section we show that Eq. (79) can not only be obtained subsequently by normalization, but also directly
from a constitutive Fokker-Planck equation. We first observe that, using the definition of Ry, (L, T;79) as stated in
Eq. (44) and integrating over L, the normalized TSA ensemble can be written as

Ry (L,7;70)
RN (L, T 7_0) = —= : TS oo’ ) ' (80)
Lrs fLTs dePm(Lf) fT depLTS(T0|Lf,Tf)

Using this definition of the normalized TSA ensemble we can derive a constitutive Fokker-Planck equation of the form

O BN (Lrimy) = pras(0|L, )P (L) — R, (L, 7370) [1, ALy P™(Ly)prys(tolLg,7)
a_ s 1570) — £S) : 3
or~ s Jins ALgP™(Ly) [ dyprrg(Tol Ly, 7y)
L ’ 1" 7" L/ .

_9 f(L)+D ilog / A e —/ P™(L")aL"” Ry (L, 7;70)

oL oL Lrs Lrs

D §?
+ E@Rﬁs (L,7;70) - (81)

The detailed derivation is given below. Importantly, the dynamics of the with 7-decaying TSA ensemble Eq. (45)
and the normalized ensemble Eq. (81) are identical. They differ however in the sink. While the un-normalized TSA
dynamics looses probability mass according to their forward initial and lifetime statistics, is the normalized ensemble
probability mass preserving. The same amount of trajectories that are terminated are simultaneously created. Sink
and source however differ in their position. While the sink is positioned according to the forward initial distribution is
the source proportional to the normalized TSA ensemble at time 7 and the instantaneous change in the normalization.
The whole expression is then evaluated with respect to the TSA ensemble normalization.

Under these considerations, the Langevin equations of both the not- and normalized ensemble are identical. While
the killing measures are identical in their location, the normalized ensemble features an additional source term that
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compensates for all terminated sample paths. Reverse time trajectories in this ensemble thus not only start at 7 = 7,
but over the whole time course of the reverse time dynamics. In analogy to the discussion in section II C, the killing
measure reads

Pin(L)pLTs (7_0|La T)

k(L,7) =

(82)

Note, that the normalization of the sink and of the normalized ensemble cancel and only the un-normalized distribution
Rp. (L, 7;70) remains. In terms of the killing measure, normalized and un-normalized TSA Langevin dynamics are
thus virtually identical. For the normalized TSA ensemble additionally a source of the form

Jros AL P (Lg)prys (1ol Ly, 7)

$(L,7) = == i - _
Jing AL P (Ly) [ dryprog (7ol Ly, 7y)

(83)

occurs. We note, that the source is independent of the position L and equals the instantaneous change of the
normalization divided by the normalization.

The normalized TSA ensemble is clearly useful to calculate moments. From a conceptual perspective however
an ensemble which creates sample paths “on the fly” is clearly not the ensemble which matches the experimental
protocol of target state alignment. It thus depends on the question we ask, whether the normalized ensemble could
profitable be used. With the exception of the following derivation, in the rest of this chapter we always refer to the
un-normalized case and indicate if a normalized version is used.

A. Derivation of the normalized TSA dynamics

In this section we derive the normalized TSA dynamics. We start from the definition of the normalized ensemble
Eq. (79) written in forward time

Rp (L titf)

-~ . -~ t ~ .
Jae ALoP™(Lo) [~ dtopg, (tf| Lo, to)

N (T —
RZTS (L, t, tf) -

We then substitute the definition Eq.(55) of the un-normalized ensemble

= /OO dLoP™(L )/t PLs (11 Ly ) P(L, t| Lo, to) )
=/ o 0 _ |
Lrs —o0 fL dLOPIH L()) fjoo dtopZTS(tf|L07t0)

to obtain our starting point expression. In forward time the time-derivative of the normalized ensemble reads

P - 9 [® ~ . -~ ot t¢|L,t)P(L,t|Lo,t
7Ri\/ (L t tf) -— [ dLoPm(Lo)/ pLTs( f| 2 ( | 0 0) _ . (85)
ot ot Lrs —o0 fL dLoPm Lo)f dtopZTS (tf|L0,to)
Applying the Leibniz rule we find
_ Jins 4LoP" (Lo)pg (tr| L, ) P(L, t| Lo, 1)
Jo, dLo P LO)ft dtopz,..(tf| Lo, to)
o gt ) = (t4|L,t)P(L,t| Lo, t
+ [ dLOPm(LO)/ 0o ;oLTé( {‘ 2 ( | 0 0) _ . (86)
Lrs —o0 ot fZTS dL()Pm(Lo) f—oo dtOpZTs (tf|LO7t())
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Recognizing P(Z, t|Zo, t) in the first term as a delta function and evaluating the time derivative in the second term
then leads to

_JE dEoP (Eo)pz, (441, 05(E - o)
5 dLoP™(Lo) [*_ dtopg, (tf|Lo, to)

A T AL A eI
L

5 dtg — 5
s —o0 (25, dZoP™(Lo) [ dtopr, (ts|Lo,to) )
+/°° dzopin(zo)/t dto TP (ff|Ltt) (L7f|L07f0)~ ' (87)
Lrs — fL dLoPm Lo) f dtOpZTs (tf|L0,t0)

We next evaluate the delta-function in the first term. The resulting term can be identified with the sink in the non-

normalized reverse time TSA, here divided by the TSA-normalization. The second term can be associated as a source

that ensures that the reverse time TSA stays normalized. We substitute R%V (L,t;ts) as defined in Eq. (80) where
TS

possible. The third term describes the dynamics of the TSA ensemble as in the non-normalized ensemble Eq. (58),
divided by the normalization. The normalized reverse time SDE written in forward time ¢ then reads

P (t;|L,t)P™(L) — RY (L, tts) [5o, dLoP™(Lo)pg, . (tf|Lo, 1)

5o dLoP™(Lo) [* _ dtopz, (tr|Lo.to)
0
+ =
OL

Z T2 f (LY 7 Z, ) - -
FD)+D ZLiog / Tl R el / Pn(L")dL"
oL T T
D &

N .
_ EERLTS(L,t,tf) . (88)

N (T 4.
RZTS (L7 t7 tf))

Switching from forward time to the reverse time description we arrive at the final expression stated in Eq. (81).

IV. EXACTLY SOLVABLE REVERSE TIME DYNAMICS

Our construction of the reverse time TSA ensemble in section II C has revealed three conceptually different ap-
proaches to obtain information on its distribution and dynamics. First, the TSA ensemble can be obtained from its
definition Eq. (55). Given both the transition probability and the hitting time distribution of the forward problem are
known we can construct the non-normalized bridge Eq. (27). Integration over all possible initial times and switching
to the reverse time notation then leads to the reverse time TSA ensemble ending at L. If an initial distribution is
known, it is easy to generalize the TSA ensemble to include a distribution of forward initial conditions. Below we
discuss one example of this type.

The second method to obtain the reverse time TSA ensemble is based on sampling the reverse time dynamics.
We derive an analytic expression for the reverse time sub-ensemble SDE Eq. (9) and synthesize sample paths with
duration T drawn from the forward lifetime time distribution. Three analytically tractable cases are shown below.

The third approach is based on directly solving the full reverse time TSA Fokker Planck equation Eq. (45). We
discuss one example.

A. Constructing the TSA ensemble from its definition — the random walk

TSA ensembles can be constructed from their defining equation Eq. (55), which demands to integrate over ty with
respect to the non-normalized bridge process. We demonstrate this construction for the simple case of a target state
aligned Gaussian random walk, or equivalently the diffusion process with f (Z) = 0. The transition probability of a
diffusion process with absorbing boundary conditions at ETS =01is

_ (E-Ly)? _ (E+Lg)?
2D(t—tg) — g 2D(t—tq)

~ o~ e
P(L,t|Lg,t9) = 27D — i) (89)
— o
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and can easily be obtained by using the technique of mirror charges. The lifetime (or hitting) time distribution is

~ r?
. L6_2D(tf—t)
tf|L,t) = ——m———on- 90
pots|Lt) = — s (90)

and follows directly from Eq. (26). Combining these two terms into the non-normalized bridge Eq. (27), and integrating
over to according to Eq. (55), we obtain

L(L+ Ly — |L — Ly|)e~ 55+
V2r D13 ’

here written in reverse time 7 and Ly = Zo. The initial time of the reverse time process is set to zero. It is the solution
of the target state aligned diffusion process with delta distributed forward initial probability at P"(L) = 6(L — Ly).
Integrating over L we obtain the cumulative of the hitting time distribution of the random walk. The probability mass
of the TSA ensemble changes proportional to the hitting time distribution Eq. (90) and thus with the rate enforced
by the sink in the full reverse time TSA Fokker-Planck equation Eq. (45).

The Fokker-Planck equation for the reverse time TSA ensemble Eq. (45) can be used to directly verify this result
by insertion. As the process under consideration is a random walk, for the forward force holds f(L) = 0. We briefly
discuss this substitution for the equivalent and easier to read TSA Langevin equation Eq. (46) and therein the free
energy force Eq. (49). Substituting f(L) = 0 into Eq. (49), the exponential simplifies to one. With delta distributed
forward initial conditions, H(L) becomes a step function with jump at L = L;. Below Ly, the step function H (L) is
one and the integral inside the logarithm evaluates to L. For L > Ly we find H(L) = 0 and thus no contribution of
the free energy force to the TSA dynamics. For L # Ly, the resulting Langevin equation is

RO(LaT; 0|Lf) =

(91)

D
dL(T)—{L dr + \/ﬁdWT for L <Ly (92)

B VD dW,  for L> Ly .

The drift term of the Fokker Planck equation is thus strongly simplified and Eq. (91) can be checked by insertion.
Note, that the TSA force law assumes the important form % for L < Ly that we will meet time and again in the
following considerations. For L = Ly the reverse time TSA Fokker-Planck Eq. (45) assumes a more complicated form
as we must evaluate the delta initial conditions of the forward process P™ = § (L — Ly) inside the free energy force,
which yields a non-analytical expression. To circumvent this problem, and to demonstrate the validity of Eq. (45)
for non-delta distributed forward initial conditions, we mix the TSA ensemble solutions with delta insertion Eq. (91),
using a truncated Gaussian insertion probability

7 (Lin—Lg)?
. ;e 202
P(Ly) = - (93)
o (erf(ﬁg> + 1)
normalized to the interval Ly € [0, 00], and marginalize over Ly. We obtain the TSA reverse time ensemble
L2<B—i+1)+2Li2n
Ro(L,7;0) =€~ 202
L2413 i L—L. I Lin(2L+Lip)
z 2 A —Lin . Lin _ 5

Le 2o omezo ((Lm L)erf( NP ) + Lmerf(\/ﬁg) + L) + 20 20Le” 20 o
X 94

7(DT)3/2 (erf (%) + 1)

for diffusive target search starting with Gaussian insertion probability. This expression satisifes Eq. (45) with f(L) = 0.

B. Sampling TSA ensembles via reverse time random bridges

In this section, we discuss three different example cases for which the full TSA ensemble is explicitly constructed
from fixed lifetime sub-ensembles. This can either be done by numerical integration of analytical obtainable sub-
ensembles, or directly via sampling of reverse time bridge SDEs, where the lifetime is drawn from the hitting time
distribution for each realization. We here discuss only the latter case for the three example cases of the Bessel,
advected random walk and Ornstein-Uhlenbeck process.
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1. Bessel process
The dynamical law of the Bessel process reads[12]

dL(t) = f% dt + VD dW, . (95)

Its solution with v > 0, absorbing boundary condition at ETS = 0, and natural boundary conditions at L — o is
known as Bessel process and reads[12]

~

7o _DMIE (p\ETE iz
ity Lo (E) P 1 ()
P™(L,t|Lo,to = 0) = -

I,(z) is the modified Bessel function of the first kind, with series expansion

)

19 =(5) X e (97)

for real valued v from Abramovitz & Stegun Eq. (AS 9.6.10)[13] . A derivation and the lifetime distribution

(98)

can be found in[12, 14]. Knowing the forward probability distribution Eq. (96), the time reversed sub-ensemble SDE
of this process can directly be obtained by evaluating the derivative of the logarithm of Eq. (96) using the identity

d 1iy(2) _ Iis(2) . vl 1 )
&VE L vE A

from (AS 10.2.21)[13]. We arrive at

LL
Lff%+g (D(T—f‘r))
L @=L @-n1., (s65)

dr +V'D dW, , (100)
D(T—T)

where the first term results from the power law term in Eq. (96), the second from the exponential and the last two from
I,,(z) using the stated identity. For the interpretation, recall that the initial conditions of the forward process are the
final conditions of the reverse time process and thus Ly = Lg. To obtain the full result for the time reversed dynamics,
we first need to solve Eq. (100) for fixed T and subsequently average over all T' according to the distribution of lifetimes
Eq. (98). In Fig. 4, we compare two ways to synthesize this ensemble. One generated from Eq. (95), subsequently
aligned and time reverted, the other directly generated using Eq. (100) and Eq. (98). Comparing statistics of both
the mean and variance, as shown in Fig. 4, confirms our calculations.

2. Advected random walk

The advected random walk changes with constant drift velocity (y > 0) until the target state ETS is reached. Its
forward SDE is

dL(t) = —y dt + VD dW; . (101)

We set the absorbing boundary to ETS = 0 and use natural boundary conditions at L — oco. The conditional
probability for the forward process is

o 1 Divi-Lg? (Liyitlo)? | 2L
PfW(IqtlLo,to _ 0) _ \/m (6_ (L+ 2DtLo) e L+ 2D+tLo +2[I;O> , (102)
s
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FIG. 4. Forward (blue) and time reversed dynamics (red) show excellent agreement with respect to the Bessel
process. Shown are the mean (Left) and variance (Right) of both processes with 95% bootstrap confidence intervals. To
exclude numerical inaccuracies due to rarely visited tails of Eq. (98), we directly sampled from the numerically obtained hitting
time distribution of the forward process. Results were obtained using each 1000 realizations of the respective ensemble with
parameter settings v = 1, D = 0.2 and Lo = 2. The larger 7, the broader the confidence intervals become, as less and less
sample paths contribute to the averaging due to differences in their lengths T;.

and the associated distribution of lifetimes is

Lo _ (Lg—T)?
2

po(T|Lo) = \/ﬁe pT (103)

as given in Redner[15].
Substituting Eq. (102) into the reverse time SDE for a sub-ensemble of fixed lifetime T Eq. (9), yields
LL;
T—-71

dL(r) = dr + VD dW; . (104)
Recall that the initial conditions of the forward process are the final conditions of the reverse time process and thus
Ly = Ly. Interestingly this time reversed SDE is independent of the drift velocity and thus identical to the random
walk bridge. This puzzling finding is resolved when considering not only the sub-ensemble of fixed lifetime 7', but the
complete aligned and time reversed ensemble according to Eq. (42). Averaging all sub-ensembles defined by Eq. (104)
over T with respect to the distribution of lifetimes Eq. (103), recovers the expected v-dependence. The «y-dependence
is thus fully mediated by the lifetime distribution. A numerical comparison of the forward ensemble (after time
reversion and alignment), and the time reversed ensemble, defined by Eq. (104) and Eq. (103), is displayed in Fig. 5.

15 0.15 R
T 1.0 010 / S ~
|'q Neq ,’I "'\

0.5 0.05 — forward

---- time reversed
0.0 0.00
0 1 2 3 0 1 2 3
T T
FIG. 5. Forward (blue) and time reversed dynamics (red) of the advected random walk show excellent

agreement. Shown are the mean (Left) and variance (Right) of both processes with 95% bootstrap confidence intervals.
To exclude numerical inaccuracies due to rarely visited tails of Eq. (103), we directly sampled from the numerically obtained
hitting time distribution of the forward process. Results were obtained using 1000 realizations of the respective ensemble with
parameter settings v = 1, D = 0.2 and Lo = 2. The larger 7, the broader the confidence intervals become, as less and less
sample paths contribute to the averaging due to differences in their lengths T;.
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3. Ornstein- Uhlenbeck type process

The stochastic relaxation process describes dynamical processes with a linear restoring force. Its forward SDE is
dL(t) = —yL dt + VD dW, , (105)

where v > 0. The conditional probability density of this process with an absorbing boundary at Lts = 0, can be
constructed using the method of mirror charges. We obtain

[ 2 JE— 2
W(LfLoe*”ft) W(L+Loe*“)

P (L, t|Lo, to = 0) = m e POZTED—e PORTED (106)

and the associated distribution of lifetimes T
7 3/2 3T e
. _QDL()(%) e D(e27T—1)
V(e -1

given in Ricciardi and Sato[16]. Using the forward probability distribution from Eq. (106), the time reversed SDE
describing sub-ensembles of length T reads

(107)

g [ —rleEe TN (e )
dL(t) = | ~vL + D(‘)L e pi—e— 2 T-D) _ . p(1—e 21T P /b .
L COth(%)
’YL 17 D sinh((T—1)
Ry dr + VD dW- 108
( tanh((T' —7)7) " sinh((T — 7)) T+ VD (108)

Note, that the initial conditions of the forward process are now the final conditions of the reverse time process with
Ly = Ly. The full aligned and time reversed ensemble is then obtained by averaging over all possible sub-ensembles,
defined by Eq. (108), with respect to the distribution of lifetimes given in Eq. (107). In Fig. 6, we compare mean and
variance obtained by terminal alignment of Eq. (105), and directly from Eq. (108) sampling lifetimes from Eq. (107).
We find excellent agreement.

4 —— forward
6 .. time reversed
<, T,
S s
2
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FIG. 6. Forward (blue) and time reversed dynamics (red) of Ornstein-Uhlenbeck type processes agree excellent.
Shown are the mean (Left) and variance (Right) of both processes with 95% bootstrap confidence intervals. To exclude numerical
inaccuracies due to rarely visited tails of Eq. (107), we directly sampled from the numerically obtained hitting time distribution
of the forward process. Results were obtained using 1000 realizations of sample paths with parameter settings v =1, D = 0.2
and Lo = 10. Unlike for the previous examples, we used a larger value for Lo to reveal the interesting concave convex shape of
the mean, which, for too small Lo values, is not detectable. The larger 7, the broader the confidence intervals become, as less
and less sample paths contribute to the averaging due to differences in their lifetimes T;.
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C. Constructing TSA ensembles from their reverse time TSA Fokker-Planck equation — the Bessel process

The third approach to obtain the density of complete reverse time TSA ensembles, directly solves the defining
Fokker-Planck Eq. (45) or SDE Eq. (46). We here consider the case of the Bessel process for which this approach is
analytically tractable. The forward process is defined by Eq. (95) with initial condition Ly = EO. The probability
density which describes the forward process is given by Eq. (96). Defined as a TSA ensemble the SDE for the Bessel
process reads

L
dL(7) = (—Z +D a% log (/0 dL' L' ©(Ly — L’))) dr +vVD dw, , (109)

where we substituted f(L) = —F into Eq. (46). We assume Lts = 0 and Ly = Lo. For L # Ly this SDE simplifies to

L g DdW, for L<L
arir) - T + VD dW, or L <Ly (110)
-2dr +vVDdW, for L> Ly,
which both have known solutions in terms of their transition probability densities when defined on the complete
interval L € [0, 00] [12]. These solutions can be used to piece wise solve the full SDE. We start with the solution of
the process defined in Eq. (110) for L < L, but assume for the moment, that we are interested in the solution on the

complete interval L € [0,00]. The transition probability, for arbitrary Lo, which describes this process, is then given
as[12]

P<(L,T|L0,’To == 0) ==

(111)

Using the series expansion of I,,(z) Eq. (97) from Abramovitz & Stegun (AS 9.9.10)[13], we can evaluate this process
for Ly — 0 and obtain

P<(L,T|LQ :0,7'0 :0) =

(112)

The needed contribution of the sub-process defined in Eq. (110) (L > Ly) is more complicated to obtain, as its
transition probability Eq. (96) goes to zero for Ly — Lrs. We first guess, that the L dependent part of the solution
of Eq. (110) (L > Ly), now defined on L € [0, 0], can be obtained by first normalizing the known solution of the
Bessel process Eq. (96). The resulting ensemble consists of sample paths which at time ¢ have not been absorbed at
the target state but are generated by the process defined in Eq. (110) (L > Ly). We then take the limit Ly — Lvs.
The normalization is simply done by the cumulative of the hitting time distribution stated in Eq. (98). The seeked
expression for Ly — 0 then reads

12413 1=%
-5t (L LLo L2
Loe™ 2D (LO) Lo (52)  Lem

P>(L,7|Lo = 0,7 = 0) o lim BiiiDr] _ Le=hr (113)
Lo=0 r(+4.04:) Dr
bril= =z

where (>) denotes the forward force law —2. To find the limit Ly — 0 we again use the zero-th order of the series

expansion for I,,(z) stated in Eq. (97). With the help of Eq.(AS 6.5.3), Eq.(AS 6.5.4) and Eq.(AS 6.5.29) [13], we
replace the upper incomplete gamma function in the denominator of Eq. (113) by the series

T(v,2) = T(v) _ZVZ(V(:LZ);L' for |2] < oo . (114)
n=0 '

The zero-th order cancels the one in the denominator. The next order cancels all remaining Lo-terms of the nominator.
The resulting term is proportional to the probability density of those sample paths which have survived until 7 and
started at Lpg = 0.
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In the next step, we combine Eq. (111) and Eq. (113) into one expression which solves Eq. (109). Assuming
continuity but not differentiability at L = Ly, we can easily connect the two solutions at Ly, as Eq. (113) is fully
included in Eq. (111). We obtain

y_3 _ L2 2y
2(2D7)" D 2e 2D7 LD 2
( >F(l+§) L <Ly
Ro(L,;0[Ly) = 2(2D )_l_g S LB (115)
YD 2e 2D7
o gy = L>1Ly

For L # Ly, we confirm this solution by insertion into the Fokker-Planck equation corresponding to Eq. (110).
Furthermore, integrating Ro(L,7;0|Ly) over L yields one minus the cumulative of the forward hitting time Eq. (98)
and shows that Ro(L,7;0|Ly) from Eq. (115) decays with the rate given by the hitting time distribution as demanded
by the reverse time TSA Fokker Planck equation Eq. (45). As Ltg, according to the Feller boundary classification[14]
is an entrance boundary and the other boundary is a natural boundary all lost probability mass must be due to the
kink of Ro(L,7;0|Ls) at Ly, i.e. due to the sink at §(L — Ly). This confirms that Eq. (115) is the full solution of the
reverse time TSA Fokker-Planck associated with Eq. (109).

To calculate mean and variance with respect to all not yet killed sample paths of the reverse-time ensemble, we
normalize Eq. (115) to unity with respect to L for all times 7. We obtain for the mean

— . A1+ A2

L(r) - (116)
with
A1 = e (VarDrn ¥ erte (—E) 4 2@pn 3+ (1 (l + 2) p(2e B
N ! V2Dr D D T 2Dr
2(v+D)
A2=2L, P

B—2nf s 2epnpticns (r(243) o1 2adak
f D 2 D  2'2Dr

and for the variance

) —L(1)*. (117)

Both mean and variance are depicted in Fig. 4b of the main text.

V. TSA DYNAMICS CLOSE TO THE TARGET STATE

The dynamics valid for final stages of convergence to the target state can be characterized by a single SDE valid
for all forward initial conditions. This claim is easily verified by inspecting Eq. (46). For L sufficiently below the bulk
of the forward initial distribution P™(L), the term H(L) =1 — fLLTS P®(L")dL’, which describes the influence of the
forward initial conditions on the reverse time TSA dynamics, evaluates to approximately one. If most of the sample
paths have not yet reached the sink at P"(L), this further implies that almost no sample path has terminated in
reverse time. The killing measure k(L, 7) (Eq. (53)), i.e. the product of hitting time and initial distribution normalized
to the current number of still existing sample paths, therefore defines a sector of the L —7 plane, where, for k(L,7) ~ 0,
TSA ensembles are — up to exponentially small corrections — governed by

L ’2p(L’” "
dL(r) = (f(L) +D a%log (/ AL e= " HEdL >> dr+ VD dW, . (118)
Lrs

This form of the reverse time TSA ensemble, valid for final stages of convergence to the target state, provides a
powerful tool to infer forward dynamics irrespective of unknown initial conditions.
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The reverse time SDE for TSA ensembles close to completion Eq. (118) can be analytically expressed for a broad
class of forward forces. Exemplary, we study the properties of power law like forward dynamics with force term

f(L) = —~L*, (119)

with v > 0, @ € R and constant additive noise D. We derive analytical expressions for the free energy force
using forward forces of the form Eq. (119). We check their validity numerically and use the derived expressions to
characterize general time-reversed ensembles near the target state.

The TSA reverse time dynamics for forward dynamics Eq. (119) are

2yt

_1
(Dot D) (=2 ) e

1 2L+1
Oa+1)r (a%l) -r (m - aD+5)

where I'(z) is the gamma-function, I" (v, z) the upper incomplete gamma function and ©(v) the Heaviside step function.
The case for a = —1 connecting a > 1 and « < 1 is the Bessel process with reverse time TSA dynamics

dL(t) = | —yL* + dr+VDdW, a#-1, (120)

D
dL(r) =177

dr+vVDdW, a=-1. (121)
A detailed derivation and an exemplary comparison to the exact dynamics, already discussed in section IV B1, is
provided below.

A. TSA dynamics independent from forward initial conditions

In this section we derive reverse time TSA dynamics under the assumption that the forward initial conditions are
spatially and temporally well separated from the target state. We derive Eq. (120) for a forward force of the form
f(L) = —yL?, as stated in Eq. (119).

We start from the definition of the reverse time alignment force as stated in Eq. (49) for general reverse time TSA
dynamics with

o ~
A
L)y=D—logI(L 122
JAL) = Do (L) (122)
where the integral
L /
~ . 2&(L') , ,
I(L) = e o H(L")dL (123)
0

takes the form of a canonical partition function for the potential

®(L) = —/L f(LhdL' (124)

associated with the sign inverted forward force. The influence of the forward initial conditions on the TSA dynamics
is captured by H(L) Eq. (51). It is a sigmoidal like function, which is one at the target state and decreases the closer
L is to the bulk of the forward initial condition. It approaches zero beyond. For well separated target states and
forward initial conditions we can therefore safely set H(L) = 1, close to Ltg, and define I(L) = I(L)|p(r)=1-

The derivation of Eq. (120) then starts with evaluating the potential

,yLa+1
a+1

L
d(L) = / yLYdL = a#—1. (125)

Substituting the resulting ®(L) into I(L) and with help of Eq. (AS 6.5.25) from Abramowitz & Stegun[13], yields

. a—+1
I(L):C(a)F(ail,—;Z§+ 1)) ‘j a#-1, (126)
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__1
where T" (n, z) is the upper incomplete gamma function and C(«) := 7%—&-1 <7%) “Tisa prefactor depending

on « and independent of L. Depending on «, the lower boundary assumes two different values. For @ > —1, the

argument z := _ L o the upper incomplete gamma function I'(v, z), goes to zero and I'(v, z) reduces to I'(v).
D(a+1)

For aw < —1, the argument z diverges (z — o0) as L — 0 and I'(v, z) — 0, as can be read off from Eq. (AS 6.5.32) in
Abramowitz & Stegun[13]. Combined into a single expression using the Heaviside step-function ©(v) we arrive at

(L) = 6(a) (r ( Ll ) —O(a+1)r ( ! )) at-1. (127)

a+1 D(a+1) a+1

To obtain the final expression for the free energy force f# we rewrite

= Da% log I(L) = -2~ 9 1(1) , (128)

FAL) I(L) 0L

which allows us to directly read off the sought expression, as a%[ (L) is simply the integrand of I(L), and obtain

2'7LQ+1

B (Da+ D) (—%)%ﬂe DatD
fAL) = T (%H) - (#1_%) a#—1. (129)

Substituting the resulting (L) into the equation for the time reversed SDE Eq. (118) yields the final result as stated
in Eq. (120).

B. Comparing TSA dynamics with and without forward initial conditions

To demonstrate the excellent agreement of the TSA approximation stated in Eq. (120) and Eq. (121) with the
corresponding aligned forward simulations close to completion we use the three, from section IV known, analytically
tractable example cases of constriction (v = —1), advection (a = 0) and relaxation (o = 1). From above, we further
know, that the TSA-approximation of well separated initial and final conditions breaks down, when a relevant fraction
of time reversed sample paths reaches the level of the initial state of the forward process. To observe this phenomenon,
we state the initial conditions of the forward process explicitly and adapt the plot range accordingly.

1. Bessel process

The Bessel process within the TSA close to completion approximation is given by Eq. (121). Fig. 7 shows the

e 0.3 — forward !
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FIG. 7. Forward dynamics (blue) and the approximate time reversed TSA dynamics (red) of the Bessel process
agree excellent close to the target state. Shown are the mean (Left) and variance (Right) of both processes with 95%
bootstrap confidence intervals. Results were obtained using 1000 realizations for each of the respective ensemble with parameter
settings vy =1, D = 0.2 and Ein =2.

comparison between this approximation and the corresponding exact forward process starting at Zin = 2. Close to
completion clearly both mean and variance are very well reproduced by Eq. (121).
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Important for benchmark tests in section VIC, Eq. (121) can be solved analytically and results in the transition
probability stated in Eq. (111).

Specifying Eq. (111) with respect to the initial conditions (Lo, 79) = (0,0) yields Eq. (112), which can be used to
obtain expressions for mean

— V2VD7I (% +2)

L(t) = e (130)
(% +3)
and variance

o (L +2)°
o7 (r) = Dr h_A(F+) +3] . (131)

L D T (2 3\2

(% +3)

Forming the joint probability distribution P(L, 7, L', 7') from Eq. (111) and Eq. (112) we obtain the two-time covari-
ance function

2DT(F +2)2 (VIT 32— )B4 iR (342, 5+ 23+ 5 T) - V7T)

Cr(r,7') = (132)

stated for 7 > 7/, where 3 F (a, b; ¢; ) is the Gaussian hypergeometric function. The obtained mean Eq. (130), variance
Eq. (131) and two-time covariance Eq. (132) are later in this text used as a baseline reference for further derivations.

2. Advected random walk

Assuming advection and thus a = 0, the TSA approximation close to completion stated in Eq. (120) simplifies to
2
dL=~| ———z —1)dr+VvDdW.. (133)
1—e D

Close to completion, the dynamics match both in mean and variance with the exact aligned forward simulation as
displayed in Fig. 8. With help of Eq. (133), we can now explain the general behavior of aligned advection processes
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FIG. 8. Forward dynamics (blue) and the approximate time reversed TSA dynamics (red) of the advected
random walk agree excellent close to the target state. Shown are the mean (Left) and variance (Right) of both processes
with 95% bootstrap confidence intervals. Results were obtained using each 1000 realizations of the respective ensemble with

parameter settings vy =1, D = 0.2 and Lin = 2.
D

close to completion. For small L, Eq. (133) reduces to 7 and induces a square root like behavior of the mean (see
main text or Eq. (130)(y = 0)). Further away from the absorbing boundary, the time reversed force term simplifies

to v, yielding a linear behavior of the mean. Then, eventually, the influence of the initial conditions (L, = 2) of the
forward process can not any longer be neglected and the approximated and exact mean start to deviate.
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3. Ornstein- Uhlenbeck type process

The TSA-approximation of well separated initial and final conditions Eq. (120) reduces for the case of relaxation
(a =1) to the form

F(LV/3)

where F(z) = e fOI ¥’ dy is the Dawson integral[13]. In Fig. 9, we compare this approximation with the forward

dL = <~yL RN 40 ”Dw> dr +vD dW, | (134)
D
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FIG. 9. Forward dynamics (blue) and the approximate time reversed TSA dynamics (red) of an Ornstein-
Uhlenbeck type process agree excellent close to the target state. Shown are the mean (Left) and variance (Right) of
both processes with 95% bootstrap confidence intervals. Results were obtained using each 1000 realizations of the respective
ensemble with parameter settings v =1, D = 0.2 and Li, = 10.

simulation. In particularly noteworthy here is the behavior of the mean, changing from a root like to a convex shape.
We further observe that the approximate variance is a convex function, which seems to be a preserved feature of all
processes with a > 0.

VI. SMALL L AND WEAK NOISE APPROXIMATION - STRONGLY AND WEAKLY TERMINAL
TSA DYNAMICS

Depending on the form of the force law f (Z), dynamics close to the target state are either dominated by the
deterministic drift or by random fluctuations which eventually determine when a trajectory reaches the target state.
We coined the dynamics weakly terminal if the target state approach is dominated by random fluctuation and otherwise
strongly terminal. To quantitatively characterize this effect we assume, that sufficiently close to the target state, most
dynamics are well approximated by a power law. Evaluating a small L-expansion of Eq. (120) then yields separable
contributions due to the forward force law and due to the noise. Evaluating the limit L — Lyg allows to characterize
which contribution dominates.

We start our derivation with the expansion of Eq. (120) for small L. The behavior of the expansion depends on

2'yLOKJrl
D(a+1)

or vanishes for L — 0. If we only consider L then its behavior is clear and we observe divergence for &« < —1 and
convergence for a > —1. If we, however, additionally demand that our results should not deteriorate in the limit of
small noise, i.e. L — 0 and D — 0, then the case —1 < a < 0 switches its class and starts to diverge for L — 0. A
detailed argument and derivation is given below in this section. We here only state the results for the two regimes
a>0and a <0.

For e > 0 the reverse time SDE Eq. (120) reduces to

the argument of both the upper incomplete gamma function and the exponential ‘ ‘ and whether it diverges

D a L2a+1

it (2o

Independent of the exact value of «, the force that drives the time reverse ensemble away from ZTS is thus always
the pure free energy force % as exhibited by the random walk case Eq. (92). This finding has important implications

))dr+\/5dWT a>0. (135)
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for the reconstruction of f(L) from TSA data. Close to Lts all time reversed processes with «« > 0 mimic pure
diffusion. The identification of genuine forces has thus to rely on dynamics sufficiently far away from Lts. For larger
values of L, however, higher order terms can no longer be neglected. Their contributions mix and no clear universal
approximation is achievable. We conclude, that a reliable reconstruction of the genuine force f(L) for o > 0 is only
possible using the full time reversed expression as stated in Eq. (120).

For a < 0, and for —1 < o < 0 only under the assumption of small noise (D — 0), Eq. (120) reduces to

D D?
dL(T):(ryLa—aL+(’)<L2+a)>dr+\/ﬁdWT a<0. (136)

For a < —1, and for 0 < a < —1 given sufficiently small noise, the TSA dynamics close to the target state are fully
governed by the sign inverted forward force law plus a contribution due to the noise similar to Eq. (135), however,
here reweight by a factor a. We note that the case & = —1, i.e. the reverse time bessel process Eq. (121), is exactly
included in Eq. (136). Dynamics with o < 0 should thus be distinguishable by inspecting their behavior near the
target state.

In summary, Eq. (135) and Eq. (136) together allow to distinquish between weakly terminal Eq. (135) and strongly
terminal Eq. (136) TSA dynamics close to the target state. The weakly terminal case (a > 0) close to the target state
is indistinguishable from a pure TSA random walk with free energy force %. This process is a Bessel process and fully
characterized by the transition probability density Eq. (111)(y = 0) and Eq. (112) (v = 0). To form expectations
about TSA ensemble data, we calculate then mean, variance and two-time correlation function below in this section.

The strongly terminal case (o < 0) has a non negligible contribution due to the sign inverted forward force close to
the target state. This sensitivity to the parameter of the forward dynamics close to Lpg motivates to seek for a small
noise expansion around the sign inverted forward law. Further below, we demonstrate, that expressions for mean,
variance and two-time correlation function can be obtained in the limit of small noise.

A. The derivation of the small L expansion

2Lty

«D¥D of the rewritten

The expansion of fA(L) Eq. (129) depends on the limit properties of the argument z = —
free energy force
C(D)e =
T O (1)~ T (1,2)

a#—1 (137)

and whether the limit of |z|, with respect to D and L, rather approaches zero or infinity. For readability, we collect
all non z-dependent terms into

C(D) = (Da+ D 2\ 138
(D) = (Da+ D) (- 5205 ) (139
and set v = 14%1 In the following three subsections we discuss the expansion of f*(z) with respect to z, given small

L, for the regimes a € (—o0, —1),(—1,00). We then reassess the reverse time forces in the interval o € (—1,0) and
with respect to its dependency on the size of the diffusion constant D.

1. The case |z| =0

For a > —1 (v > 0) the expansion variable |z| decreases with decreasing L. For these cases the denominator of
Eq. (137) can be written as

o0

P(v)—T(v,z) =T(v)z"e ? Z ﬁ

for |z| < 00, (139)

n=0

using Eq. (AS 6.5.3), Eq. (AS 6.5.4) and Eq. (AS 6.5.29)[13]. The free energy force f*(L) is

C(D)
A(L) = = - -1, 140
(L) N Dl a> (140)
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where we canceled the exponential function in nominator and denominator. Truncating the series in the denominator
to include only the terms up to first order, we arrive at

vC(D)z™V

T 1t 5+ 02

fAL) a>—1. (141)

We here used the recurrent relation I'(v + 1) = vT'(v) from Eq. (AS 6.1.15) Abramowitz & Stegun[13] to simplify the
expression. In the last step we approximate the denominator to lowest order in z and obtain

FAL) = vO (D)2 (1 - VLH + 0(22)> a>-1. (142)

Replacing the effective parameters and variable z with the original parameters v,~y, D and variable L, we arrive at
the small L expansion

D 2y L& L1+2a
fA(L):L+07+2+O< 5 ) a>—1. (143)

Substituting Eq. (143) into Eq. (118) we arrive at the small L-expansion stated in Eq. (135).

2. The case |z| - oo

For a < —1 (v < 0) the expansion variable z goes to infinity for small L. With v < 0 the Heaviside step function
evaluates to zero and the denominator simplifies to I'(v, z) which we expand for large z, using the known asymptotic
expansion Eq. (AS 6.5.32)[13]

v—1

[(v,2) =2""te <1 + + O(zg)> for |z| = o0 . (144)

z
We substitute this expansion into Eq. (137) and arrive at

3 C(D)z'~v
1+ 21 4+ 0(272)

FAL) = a<—1 (145)

after canceling the exponential terms. In a final step we approximate the denominator for z — oo, i.e. Taylor expand
for small orders of 1/z, and obtain

v—1

fAL) = -C(D)2" (1 - + (’)(z_2)) a<—1. (146)

z

Re-substituting the original parameters and variable L, the final free energy force reads

A o o aD D2

8. The L and D dependent range —1 < o < 0

For «v in the range —1 < av < 0, the value of the expansion variable z depends on the choice of the diffusion constant
D. For large D the limit behavior of z is fully defined by L and we find

lim || = i L2 e —1<a<0 (148)
o TS T aD+ D) o @ ’

If we additionally assume, that the expansion holds in the limit of small noise, the limiting behavior changes and we
find

2Lty
aD + D

lim |z|= lim
L—0,D—0 L—0,D—0

‘zoo for —1<a<0. (149)



31

This implies, that for a given L, we can always find a small enough D so that the expansion variable z becomes large.
Thus, we also consider |z| — oo in the regime —1 < a < 0. Under this condition, the ©(« + 1) dependent term in the
denominator of Eq. (137) does no longer vanish automatically. Eq. (145) then reads

Arpy C(D)z'"" o<
Fo) = m(z)+ 1+ %4 +0(z72) <1 (150)
with
m(z) = —e*2' 7T (v) . (151)

In the following we argue, that m(z) becomes negligible for large |z|. We show, that the limes of m(z) with respect
to D — 0 is zero and conclude, that we can always find a D, which is small enough to neglect m(z) in the expansion
of fA(L). For small D, Eq. (150) therefore follows the same expansion as the case a < —1 discussed before.

To proof these statements, we first recall, that z = —%
1

decays with increasing |z|. With v = T1o- the exponent 1 — v is negative for —1 < a < 0 and the power law |z|1 7
decays with increasing |z|. For |z| = oo we therefore find

is negative for —1 < a < 0. The exponential thus

lim |m(]z])] =0 for —-1<a<0. (152)

|z| =00

We next show, that |m(z)| also approaches zero for D — 0. We start by rewriting m(z) in terms of a,~, D and L
and obtain

m(L) =T (—— ) o (-2 B (153)
- \a+1 D(1+ «) ’
4y \ah
D(1+a)

.With |a] € (0,1), the exponent is greater than zero and the full term goes to zero for D — 0. The

To clarify the behavior of the first D-dependent term we note, that its absolute value can be written as

1-la]

D(1—|a]) | Tal

.

second D dependent term in Eq. (153) is the exponential. For D — 0 the exponent goes to —oco and the exponential
vanishes. We can therefore write

lim |m(L)| =0 for —-1<a<0. (154)
D—0

In the final step we show that |m(L)| also vanishes in the simultaneous limit of D — 0 and L — 0. To perform this
limit we set w.l.o.g. D = L and rewrite Eq. (153) accordingly. In the resulting equation

1 a2 2 %H i <
m(L):F< >L1+a (- 2 ) e THa (155)

a+1

o2
we can directly read off that the power law L1+« decays to zero for decreasing L, as does the exponential. We
conclude, that

lim |m(L)]=0 for —1<a<0 (156)
LHDO’DLHO

holds. It is thus always possible to find a small enough D, where the large z expansion of f4(L), discussed above,
holds also in the regime —1 < a < 0.

We conclude this section by a remark. Reinspecting Eq. (153) we observe, that all D’s are multiplied by 1 + .
For « decreasing from zero to minus one we therefore expect m(L) to become smaller and smaller until it approaches
zero for o — —1 using the very same argument as for D. The large |z| expansion will therefore hold for the larger D
values, the closer « is to —1.



32
B. Moments and universal correlation function for weakly terminal TSA ensembles

For a > 0, the SDE Eq. (135) with respect to the free energy force f*(L) expanded in small L tells us, that the
dynamics close to the target state are purely governed by the force term %. From section IV A, or simply by inserting
f(L) =0 into Eq. (118), we know, that the SDE

dL(r) = %dT + VD dw, (157)

describes the dynamics of a TSA random walk close to the target state and well separated from its forward initial
conditions. For completeness and easy use we here state the mean

I(r) =4/ 27, (158)

o2 (1) = — L (159)

variance

and two-time covariance

2D<—4\/ﬁ+3 T(T’—T)+(2T+T’) sinfl( l,))

- . for v <7/
Cp(r, ") = o2 (7) forr =1 (160)
2D <74W+3m+(27’+r) sin~! ( g’))
— form>71".

They can be obtained either from the known transition probability Eq. (111) and density Eq. (112) of the Bessel
process with an entrance boundary at Ltg = 0 and in the limit v — 0, or from the moments stated in section IV B 1.
Using the obtained variance and covariance, the correlation function ¢ (7,7") = Cr(7,7") /(o (7)o (7)) reads

2(74\/ﬁ+3 T(r'—=7)+(27+7) sinfl( L,))

(3#—8)\/? z for 7 < T’
CL(Ta T/) =q1 forr =171/ (161)
2((—avrrasy Ty +r)sint () ,
(Br—8)vr'r forr>71".

Let us briefly discuss the obtained reverse time moments. For the mean, we observe that it grows with /7. Tt is
thus similar to a forward random walk which starts at the boundary but never returns to it. Such a random walk can
be constructed from Eq. (89) (random walk with mirror charges), after normalization to one (for every 7), and in the
limit L — 0. The result is the same we obtained as an intermediate step in the derivation of the exact TSA reverse
time Bessel process Eq. (113)

P(L Le 3 162
(L,7)= “Dr (162)
and is known as a Rayleigh distribution. For the mean of this restricted random walk we find

- D

L(r) = /55—, (163)

which shows the same 7 dependence as the mean of the TSA random walk Eq. (158) but with a different pre-factor.
This observations motivates to also study the variance of the restricted random walk
9 1
o7 (r) = 5(4 —m)D1 . (164)
We again find the same dependence on 7 as in the variance of the TSA random walk but again a different pre-factor.
This shows, that fitting mean or variance independently can lead to wrong conclusions. Comparing for example the
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squared coefficient of variation C% = %%—E:i we find the two different constants C% pgp_rw = 5 — 1 &~ 0.18 for the
TSA random walk and C% ., = = — 1 ~ 0.27 for the restricted random walk. This shows the TSA random walk,
as one might have assumed, is not the same as a restricted random walk.

While sample paths in both cases are generated by the same dynamics, they differ in the selection of sample paths
which contribute to the ensemble. In the TSA ensemble, sample paths in principle have had the time to explore
the full half plane L € [0, 0o] before they reach the target state. The fraction of sample paths which predominantly
“walk” in one direction close to the target state is therefore enriched compared to a restricted random walk, which
only neglects all sample paths which ever return to the initial conditions. Formally, its the difference between a TSA
ensemble and a meander process[2], which never returns to its initial position. For mathematical details on meander

processes we refer to Majumdar and Orland[2].

C. DMoments for strongly terminal TSA ensembles

For a < —1 and for —1 < a < 0 under the additional constraint of small D, TSA dynamics are strongly terminal
close to the target state. This motivates to try a small noise expansion around the deterministic time reversed
dynamics to obtain expression for the moments of the SDE Eq. (136). We adopt the approach defined for a standard
SDE (see Gardiner chapter 6.2[1]) to include order D drift terms and find for the mean

(fa = 3)((1 = a)yr) ™

L(r)=(1-a)yr)™= + D 1Ba 1) +0(D*?), (165)
variance
1—
o} (r) = D+ 730;7+0(D2) (166)
and covariance
(%)ﬁ o?(1) +0(D?) for 7 < 7
Cp(r, ') = (77/) o o2 (1') + O(D?) for 7 > 7/ (167)
o2 (1) +0(D?) for r =171/

by a perturbation theory calculation around the deterministic solution of Eq. (136) in the Diffusion constant up to
order D. The correlation function ¢ (7, 7") = CL(7,7") /(oL (7)oL(7')) reads

1

3.1
(%)24_@‘1 for 7 < 7’
! ’ %_"ﬁ
cp(r,7) = (T?) for 7 > 7/ (168)
1 forv=171".

Note, that for all expressions (Eq. (165)-Eq. (168)) boundary conditions are already implicitly included due to the
contribution of the free energy force. We further recall, that the expansion stated in Eq. (136) was truncated at
order D. Only terms up to this order are therefore considered in Eq. (165), Eq. (166) and Eq. (167). Given this
approximation, we have show above in this section, that only the mean Eq. (165) carries a relevant contribution from
the approximate free energy force —%.

The obtained expression can be used to infer power law forward forces f(L) = —yL® from TSA ensembles in the
limit of small noise. For example, starting from the two-time correlation function, we read off the power law exponent
«. With a we can fit the variance and determine the diffusion constant D. The force strength + is obtained from the
mean.

For the small noise approximation to hold well, and as a rule of thumb, the squared coefficient of variation C3Z =
0'2 T
implies C% = D/(4v) < 1. For all other a-values we find CZ ~ 7T, The approximation thus becomes better the
larger 7 given —1 < a < 0, and for o« < —1 the smaller 7. In the following, we will briefly comment on the expressions

for L(7), 0% (7) and CL(7,7'), and present a more detailed discussion and a step by step derivation below.

approximated as the lowest order small noise terms, should be well below one. For example for o = —1 this
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The mean L(7) (Eq. (165)) is given as the deterministic solution to Eq. (136)(D — 0) plus a (for all o < 0) solely
positive contribution of order D. The case a < 0 thus shows, that a purely deterministic approach to extract the
mean from any experimentally obtained and terminally aligned data is bound to fail. As the mean, given by Eq. (165),
adds up a deterministic term and a deterministic positive contribution due to the noise, a pure deterministic approach
overestimates the underlying forward force by the contribution of the noise. The difference between the deterministic
approximation (order DY of Eq. (165)) and the correct analytic obtainable solution Eq. (130) is exemplary shown
in Fig. 10 (Left) for the case a = —1. To be precise, in Fig. 10 we compare the exact solution of the TSA Bessel

0.3 ,,
................. —— exact P
A 02| "7 small noise
S E
N e
! 0.1
0 0.0
0 1 2 3 0 1 2 3
T T

FIG. 10. The small noise approximation up to order D is an excellent approximation of the exact dynamics.
Shown are small noise expressions (red) for the mean (Left) Eq. (165) and variance (Right) Eq. (166) in comparison to the
exact analytic expressions (blue), as stated in Eq. (130) Eq. (131) for the Bessel process. For the small noise expression of the
mean we additionally show the curve up to order D° (dotted). Curves are obtained for the parameters « = —1, vy =1, D = 0.2.

process with forward initial conditions shifted to infinity, and the small noise approximation stated in Eq. (165) and
Eq. (166). We find excellent agreement.

The variance o (1), up to order D (Eq. (166)) is a y-independent function linearly growing with D7. It thus shows
the same dependence on D7 as the exact variance result Eq. (131) for the Bessel process SDE Eq. (136) with o = —1.
Furthermore, if we assume D/y — 0, the variance for « = —1, as stated in Eq. (131) approaches the small noise
solution from below until both assume the form %. Taken together this indicates that in the limit of small noise,
characterized by the C%, all relevant features of 0% (1) and Cf(7,7’), are capture within an expansion up to order
D. To further test this for general & < 0 we compare numerical solutions of Eq. (136) with our analytic small noise
expressions for mean Eq. (165) and variance Eq. (166). Results for « = —0.5 and o = —2 are displayed in Fig. 11 and

compared to the case o = —1. All considered, we conclude that L(7) and o (1), as stated in Eq. (165) and Eq. (166),

> o «a=-10
~ E 0.2 O a=-20
S| . N
0.1
0 0.0
0 1 2 3 1 2 3
T T

FIG. 11. The small noise expansion is a very good approximation of its underlying TSA-SDE. Comparison between
a numerical evaluation of Eq. (136) (circles) and its approximation as analytic small noise expansion up to order D' (lines) as
given in Eq. (165) and Eq. (166). Shown are mean (Left) and variance (Right) for the cases o = —1/2 (orange), a = —1 (red)
and a = —2 (black). All other parameters are chosen identical with v =1 and D = 0.2.

are sufficient to reconstruct f(L) and D for general v < 0 and in the limit of small noise.

The two-time covariance function Cp(7,7’) is highly informative for force reconstruction. If enough sample paths
are available (O(100) — O(1000)), the covariance stated in Eq. (167) is suitable to uniquely infer both the general
form of the forward force f(L) and the noise level.
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The fraction Cp(7,7") /(oL (7)o (7)") represents the two time correlation function ¢y (7, 7'). With its sole dependence
on a, cr,(7,7") uniquely fixes the general form of the force law, irrespective of the reconstructed « and the noise level
D. To check for the quality of Eq. (168), we compare in Fig. 12 the case a = —1 to its analytical counterpart obtained
from Eq. (131) and Eq. (132). Using the same parameters as already in Fig. 10 we observe in Fig. 12 (Right) a

3
0.016
0-5 0.008
0% 0.000
0 1 2 3

T T

T, 7'
N
exact
COIT],
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corrISJ (
corrs™ —corr§ect

FIG. 12. The small noise approximation of the correlation function is an excellent approximation of the exact
dynamics. Shown is the small noise correlation function as given by Eq. (168) for the case @ = —1 (Left) and its deviations
from the known exact correlation function of the Bessel process (Right) directly obtainable from Eq. (131) and Eq. (132).

maximal deviation of 2% for large correlation times, and even smaller deviations for shorter correlation times.

Interestingly, the 2d representation of ¢y (7,7’) as stated in Eq. (168) and displayed for the cases « = —0.5 and
a = —2 in Fig. 13, shows an easy to identify signature. Due to the sole dependence of Eq. (168) on the ratio of 7

3 3 1.0
2 2
~ .
1 1
0 0 0.0
0 1 2 3 0 1 2 3
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/

o
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corrp™ (

FIG. 13. Exemplary correlation functions obtained from the analytic small noise expression as stated in
Eq. (168). Shown are the cases a = —1/2 (Left) and o = —2 (Right). The two remaining parameters are chosen identical with
v =1and D = 0.2. For both we observe characteristic straight equi-value lines as demanded by Eq. (168).

and 7' the 2d correlation function exhibits straight level lines (77 = const - 7). Given we are in the regime of small
noise and do not observe this straight line structure in our experimental data, we can thus directly exclude all pure
forward force laws of the form stated in Eq. (119) with & < 0. We further know from above, that processes with o > 0
follow a force law D/L close to completion. The respective correlation function can be calculated and is stated in
Eq. (161). Connecting the two cases a < 0 and « > 0 we now have a theoretical understanding of the mean, variance
and two-time correlation close to target states.
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Starting from Eq. (136), we here derive the expressions Eq. (165)-Eq. (168) for mean L(7), variance o (), covariance
Cpr(7,7") and the correlation function cy,(7,7"). The calculation is valid in the domain « < 0, as discussed above,
and in the limit of small noise. With some minor modifications we follow the weak noise approximation approach

discussed in Gardiner (chapter 6.2)[1].
The derivation starts with rewriting Eq. (136) in the general form

dL = a(L)dr + *b(L)dr + ¢ AW,
with v/D substituted by the expansion parameter e. For small € we expand
L(7) = Lo(7) + €Ly (7) + € La(T) + ...
around the deterministic solution Lo(7). We further assume that we can write
a(L) = a(Lo + €Ly + €Ly + ...) = ag(Lo) + eay (Lo, L1) + €2az(Lo, Ly, Ly) + ... .
The general expression for a(L) then reads

a(L)=a (Lo + Z emLm> — Z}%dp;éio) (Z GMLm>

p=0 p=0

and after sorting terms we find for the first three terms

ao(Lo) = a(Lo)

da(L0>
Log,Ly)=1L
al( 0 1) 1 dLO
da(L()) 1 2d2a(L0)
as(Lo, L1, Ls) = L + =L .
2( 0 1 2) 2 dLO 9 1 dLg

The same procedure can be applied to b(L). Taken together the equations to lowest order in € are

dLO = G,(Lo)d’r
dLl = al(Ll, Lo)dT + dWT
dLQ = U,Q(LQ, Ll, Lo)dT + b(Lo)dT

The first of these equations is the deterministic equation
dLo =~yLgdr .
As the process starts at the boundary at Ly(0) = 0, its solution is simply given as
Lo = ((1—04)77')ﬁ with o < 0 .
The second equation Eq. (177) describes a generalized Ornstein-Uhlenbeck process
dLy = k(Lo(7)) Ly d7 + dW,
with the time-dependent drift coefficient

da(Lo) dLg -1
k(Lo) = - = ~vaLo !
(Lo) dLy _ ldr, %o

Inserting the solution for Lo(7) we find

k(Lo) = yar (1 — a)yr) ™

Employing the initial conditions L;(0) = 0, the solution of equation Eq. (181) reads

e

Lir) = [ el s, — [(T) .
0 0

(169)

(170)

(171)

(172)

(173)

(174)

(175)

(176)
(177)
(178)

(179)

(180)

(181)

(182)

(183)

(184)
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Together, Eq. (180) for Lo(7) and Eq. (184) for Li(7) form the basis of all further calculations. Inserting these
solutions into the expansion stated in Eq. (170) and taking the ensemble average we obtain expressions for mean

(L(1)) = (Lo(7)) + (L1(7)) + ..., (185)
variance
o1 (1) = {(L(1) = (L()))*) = (L5(7)) + .. (186)
and two the time covariance
O(r,7") = ((L(r) = (L(1))) (L(7") = {L(7")))) = (L1 (T) La(s)) + ... (187)

in lowest order of € and valid for a < 0. We first evaluate these expressions to lowest order, which for o2 (7) and
Cr(r,7') is already at order O(D). Corrections for the mean up to order O(D) are evaluated subsequently. Note,
that the average over a single Wiener integral, such as (L1(7)) always evaluates to zero and therefore corrections to
the mean will be of order €2.

To Oth order, the solution for the mean is equivalent to the deterministic solution Eq. (180). For the variance, we
have to calculate the second moment of equation Eq (184), i

U% (T) =D % T dWT/dWT”
T

2o 1
:D/ 7 T =DA% fera<o, (188)
0o \T 1-3a

where we replace €2 by the original D. Note that (L;)? = 0 and thus drops out of the calculation. Similarly, we
obtain the two-time covariance function

Clr,7') = D/OT /OH (g)f‘f (Z:)_ AW AW
o [ ()

’—

1 o
D (a—1)T -1 TR

- for 7 <7’
= D(afl)y;%:%—ﬁ for 7 > 7/ and o < 0 (189)
D{(L3(1)) forr =17/

again in terms of D. Using the variance Eq. (188), we can rewrite this result in the final form stated in Eq. (166).
The two-time correlation function also directly follows from Eq. (189). Using the definition

C(r,s)

on(T)or(r!) (180)

e(r, ') =
we obtain the final form stated in Eq. (168).

In a last step we calculate the first D-dependent contribution to the mean, characterizing deviations from the
deterministic solution. As contributions due to Li(7) average out, terms of order €2 become important and thus the
contribution —aD/L of the free energy force as stated in Eq. (136). Using the series expansion of L(7) in orders of
€ as stated in Eq. (170), we next evaluate the contribution of Lo(7) to the mean. This is most simply achieved by
directly evaluating an averaged Eq. (178). Using the specifications due to Eq. (175) we then obtain a linear differential
equation

d(Ls)  da(Lo) 1d2a(Lo), 5. o
dr dLOO (L2) + 3 dL2 (L) = Lo (191)
with the solution
(Lo(r)y = J@=IM maly) =7 (192)

4(3ac — 1)y
The final result Eq. (165) is obtained from
L(1) = Lo(7) + D{La(7)) . (193)
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D. Simulations and comparison with theory

In this section we present findings that compare simulations of forward stochastic dynamics after target state
alignment with theoretical results. The simulations clarify the validity of our small noise approximation close to the
target state. Secondly, the simulation results demonstrate the transition between the opaque and transparent regimes
in dependence of the /D parameter. All shown results have been generated from 20000 trajectories starting at

L =20. D =0.2 is held constant.

As noted above and in the main text, the squared coefficient close to the target state serves as an order parameter
to distinguish weakly from strongly terminal dynamics. Close to the target state, however, numerical artifacts skew
the squared coefficient of variation to higher values. As explained by Ziff et al. [17], those artifacts can be reduced
by choosing smaller jump sizes (e.g. smaller noise strength D, smaller simulation stepsize At). We therefore chose
simulation steps as small as RAM-memory permits to obtain the resolution of the squared coefficient of variation in
the main text.

Fig. 14 depicts mean, variance and squared coefficient of variation. For higher values of v the small noise approxi-
mation (SNA) is more valid. For —1 < a < 0, the dynamics transitions smoothly between noise dominated and force
dominated target state approach.

Fig. 15 shows the mean squared error of C‘2/ which measures the discriminability of dynamics from the pure noise
theory and the validity of the small noise approximation. The parameter z = 2v/(D 4+ Da) determines the validity
of the approximations in both cases. For z — 0 the exact noise theory becomes very accurate, which is for example
realized by D — co. On the other hand, for Z — oo the SNA is a valid approximation of the TSA dynamics, which
gets better as v — oo or @ — —1.

VII. A MODEL OF CYTOKINETIC RING CONSTRICTION WITH DISTINCT EFFECTIVE FORCE
LAWS

To assess whether TSA ensemble analysis can distinguish different regimes of directed dynamics we here study
the exemplary process of Cytokinesis. Cytokinesis is the process of separation of a mother cell into two daughter
cells at the end of the cell cycle. For animal cells this separation is driven by a contractile ring formed from actin
filaments, myosin and associated proteins. We used a model that describes the contraction and molecular turnover of
force generating acto-myosin bundles, i.e. an assembly of filaments and motor complexes[18]. Two coupled differential
equations define the model. The first describes how the balance of viscous and elastic forces determines the ring
diameter and leads to ring constriction or dilation. The viscous force is written as —¢ 'R, where R denotes the
time derivative of the ring radius and £ an effective friction coefficient. The elastic response of the cell upon cell
deformation derives from a harmonic energy term

K

(R — Ro)? (194)
with elastic modulus K > 0 and equilibrium radius Ry. Combined with a term X for the contractile stress, we obtain
a force balance equation of the form

R=—¢ (gi - 2772) : (195)

The dynamics of the filament concentration ¢ = N/(2rR) with N filaments is defined along a ring of length 27R.
Without turnover the ring perimeter therefore changes with R « 1/c. Including turnover we obtain the material
balance equation

¢ =ky — kqc— %c (196)
with filament polymerization and depolimerization rates k, and k4. The contractile stress ¥ = ANyc? models the
active force generation of actin filaments and myosin motors. A is the (positively defined) effective material coefficient,
Np the number of distinct filament bundles and ¢, the number density of filaments per unit length along a bundle.
The contractile force is proportional to ¢ to account for the fact that actin filaments need a partner to exert forces.
Together Eq. (195) and Eq. (196) define an elementary model of cytokinetic ring constriction.

Zumdieck et. al. used parameters from independent measurements curated from the literature[18]. Comparing
numerical solutions of the model, using these parameters with time laps recordings of the first-division constriction
dynamics of C. elegans oocytes, Zumdieck et. al. found good agreement between model and measurement.
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FIG. 14. TSA ensembles qualitatively differ for weakly and strongly terminal target state approaches which
depends on both v and a. Dots represent target state aligned forward simulations starting at L = 20 and with 20k
realizations. From negative « to positive a the colors change from light blue to dark blue. The bounds of the transition regime

are marked in red for « = —1 and orange for @« = 0. Small noise approximations are shown as lines with the corresponding
color to the simulations. The upper dashed line represents the exact pure noise theory and the lower dashed line represents
the exactly solvable & = —1 case. (a)-(d): Mean, variance and squared coefficient of variation for different realizations of the

parameter v € {0.1,0.4,1,2} and fixed D = 0.2. The small noise approximation becomes better for higher values of v/D.

To allow for different stochiometrics of the potential force generating molecules such as actin and myosin, and to
include a stochastic component, we slightly generalized this model dynamics

dL(t) = — <7f(Z(t) — L)+ 75\5(15)") dt + VD dW, (197)
o) = (K — kX2 @3
dc(t) - (kon koff (t)) dt + E<t) (t) . (198)

We define L := R, 7} := K&, Ly, := R, 7} := 2mANy, kY, := k, and k) := kq. To allow for single and pairwise
interactions of the force generating molecules we replace the exponent of the concentration by a parameter n := {1, 2}.
In this version, the index A := {m, ¢} further accounts for the possibility to switch between two different regimes. A
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FIG. 15. Small noise approximation and noise theory (random walk) are valid approximations in different
regimes depending on the effective parameter z = 2v/(D + Da). (a): mean squared error (MSE) of the C2Z between
simulation and exact noise theory as well as small noise approximation (SNA) close to the target state (shown in Fig. 14). The
mean squared error was calculated for 7 € [0,1]. For o around 0 and smaller « the pure noise theory is a good approximation
close to the target state. For larger v/D and negative « the small noise approximation is valid. (b): mean squared error
(MSE) between simulation and exact noise theory as well as between simulation and small noise approximation in dependence
of the effective parameter z = 27/(D + Da). Evaluations were termed ”small 77 for MSE evaluation for 7 € [0,1] and ”large
77 for 7 € [2,3]. For the pure noise theory (y = 0) for Z — 0 (e.g. with v/D — 0) the MSE goes to zero and hence shows
poor discriminability of those dynamics. The small noise approximation becomes valid for Z — oo corresponding to @ — —1 or
D — 0, as expected.

maintenance (m) phase where a fixed ring perimeter is stabilized, and a constriction (¢) phase where the ring diameter
shrinks until cell separation. For simplicity the switching between the two regimes m — ¢ is modeled as a discrete
shift in parameter space (V{", V5", ki, kM) — (75,75, kSn, kSg). Both generalizations, stochiometrics of myosin and
stochasticity, were already suggested by the original authors. [18].

Below we show that this generalized model exhibits three qualitatively different biophysically plausible regimes,

which can be approximated with a single effective SDE of the form
dL(t) = =y L + VD dW, (199)

with @ = 0, —1,—2. These three effective dynamics are recovered from Eq. (197) and Eq. (198), for the biological
meaningful limits of fast turnover, stalled myosin turnover, and stalled actin turnover.

A. The fast turnover limit

n

In the limit of fast turnover (k, > 1, k)3 > 1) and k), /k)g = const., the above model reduces to 1d dynamics of
the ring perimeter L which, during the contraction phase, is driven by a constant force veg. In this limit ¢(¢) relaxes
very fast to its equilibrium concentration k7, / ké‘ﬂc. The remaining SDE for the ring perimeter L is

dL(t) = — ('yf‘ (E - Em) + <%>n> dt + /D dW; . (200)

A
koﬂ

Assuming a very “soft” cell shape and a strong constriction force we set v = 0 and find an equation of the form
of Eq. (199). This is the force to deform the entire cell. An analytic expression for the reverse time force close to
completion can be obtained using Eq. (118). It turns out that the effect of v; > 0 on the moments of the aligned
reverse time ensemble close to completion is manure. Only the mean changes marginally and rises slightly slower than
in the case with v; = 0.
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B. Stalled turnover limits

In the limit of stalled turnover (k2, ~ 0, k)¢ ~ 0) all force generating molecules are trapped in the ring over the
time scale of the constriction phase. We thus set kS, and kSg to zero. The concentration dynamics from Eq. (198)

and during constriction then reduces to

d(E(t;tE(t)) =C(t)L(t) + AtL(t) =0, (201)

implying a fixed number of force generating molecules on the ring. In this limit

¢(t)L(t) = const. (202)

As this is maintained during constriction, the constant value is inherited from the value of this product at the end of
the maintenance phase, the switching time ts,. We can therefore replace ¢(t) in the perimeter dynamics Eq. (197),
and obtain

dL(t) = — (yf(f — L) +7% (W) ) dt + D dw, (203)

with €(tsw) approximated by the ratio of k7 /kl% and

E(tsw) = zm - Vzn E(tsw) 3 (204)

where ¢(tsw) and L(tsy) are the average values during the maintenance phase. For the example displayed in the main
text, we again assume dominance of the constriction force (v§ = 0) during the constriction phase. Note that, as the
concentration of force generating molecules diverges, this is a particular mild assumption here. The effective dynamics
than terminates either o< 1/L or o< 1/L? depending on the model variants (n = 1: myosin; n = 2: actin) for the force
generating molecule.

C. Simulations

Sample paths for the three different constriction scenarios with constriction forces constant (« = 0), proportional
to o 1/L (@ = —1) or o 1/L? (o = —2) were generated from Eq. (197) and Eq. (198). All simulations were started
from the equilibrium distribution of the maintenance phase. After a time ¢y (chosen larger than the window used
for inference), the dynamics for each sample path was switched to the constriction regime. The case corresponding
to @ = —1 is provided in Fig. 6 of the main text. Here we additionally display the two cases with o = 0, —2 (see
Fig. 16). Tab.I lists the parameter settings for all simulations. For integration we used a standard Euler scheme with

Parameters Simulation 1 (o = 0) Simulation 2 (o = —1) Simulation 3 (o = —2)

maintainance constriction maintainance constriction maintainance constriction

n 1 1 1 1 2 2

Kon /pm s 400 2000 0.5 0 0.7 0

kog /5! 10 20 0.01 0 0.1 0
/st 0.075 0 0.075 0 0.075 0

yo /um* T st 270.3.6-107° 27-3.6-107° 27-3.6-107° 2w -3.6-107° 27 -3.6-107° 27 -3.6-107°
Lo /pm 14.5 14.5 14.5 14.5 14.5 14.5

D /um? s~ ! 0.04 0.04 0.04 0.04 0.04 0.04

TABLE I. Parameter settings used for 3 different sample path ensembles created from Eq. (197) and Eq. (198).
Simulation 2 is discussed in the main text.

time step At = 0.05s.
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D. Path inference

To infer the most likely constriction scenario hidden in each of the forward simulations as defined in Table I,
we maximize the path likelihood of the respective ensemble after alignment and time reversion. We implement the
approach discussed in section VIII using Nested Sampling[19], which yields maximum posterior estimates for the
parameters and a direct estimate of the Bayesian model evidence. We infer the reverse time force from the TSA
ensemble and reconstruct the underlying forward force. We assumed the forward force law is of power law form
f(L) = —yL*. We can therefore directly read off the forward force f(L) from the inferred reverse time force fT54(L).

For each of the three simulations defined in Table I the inference procedure is identical. We here discuss Simulation
2 (with true effective & = —1) shown in the main text. The idea is to treat the simulation data as black box, as
experimental data would be, and determine which forward force law f (Z) is most suitable to describe the constriction
dynamics. In principle the maximal included lifetime of the reverse time trajectories N A7 should be optimized as well.
Starting from very short trajectories for which contributions of the maintenance phase are negligible, and increasing
the length until distinctions from a pure ensemble become detectable, then marks the transition from constriction
to maintenance. We here, for simplicity, directly choose N based on visual inspection of the aligned reverse time
ensemble.

There are two options to find the best model. First, to simultaneously optimize for a,veg, D. Second to to choose
one « from the three above described mechanisms, assuming it contains the correct model, and infer the best fitting
Yet, D. With the first approach we find the best model with its maximum posterior parameters. With the latter
we find the best fitting parameters for each of the candidates (o« = 0,—1,—2). This then allows to quantitatively
compare the three different models either in terms of the Bayesian evidence or, in terms of their moments which
we each calculate from simulations of the respective reverse time SDE Eq. (120) using the newly inferred parameter
MAP, DMAP-

For Simulation 2 (with true effective & = —1) the results of this comparison are shown in Fig. 6 of the main text.
For the “true” case a = —1, the full terminal aligned simulation and the inferred dynamics perfectly coincide in their
moments. For a = 0, —2 they strongly deviate. A similar observation holds for Simulation 1 and 3 shown in Fig. 16.
For both, the correct dynamics are recovered while the deviant models can not be matched in their statistics. In total
this shows that our path ensemble inference approach for reverse time analysis allows to reliably infer the correct
underlying mechanism while rejecting deviant models. The theory of TSA ensemble inference thus provides a reliable
framework for the inference of effective dynamics.

VIII. REVERSE-TIME ENSEMBLE PATH INFERENCE

The reverse time TSA ensemble approach aims at the inference of the underlying forward dynamics from dynamics
with identifiable dynamics only close to the target state. We here propose to directly infer the reverse time force
fTSA(L) from TSA sample paths using a path-ensemble-likelihood inference scheme.

The construction idea of this likelihood inference scheme follows classical maximum likelihood and Bayesian path
inference approaches[20-26]. We first define the transition probability density for discrete sample paths starting at
Lrg at time 7 = 0 and ending at 7 for simplicity. Sample points are taken with equal spacing A7. We considering
sample paths of duration T'= NAr7. The transition probability density for individual realizations of such a Markovian
process reads

N—-1
P(Lf,77|Lrs,0) = [ P(Lis1,7i01|Lii7) - (205)
i=0
Assuming individual, statistically independent sample paths, the total likelihood of a finite size sample neps of sample
paths is the product of individual transition probabilities. Taking the logarithm the log likelihood function is

Nens N —1

log£ =YY log P(LY), 71 |LY 1) (206)

j=1 i=0

which can be used for maximum likelihood inference of model parameter. The exact transition probability den-
sity P(Ljx1,Tiv1|Li,7;) is not available analytically for most stochastic processes. A simple approximation for
P(Liy1,7iv1|L;, 7;) useful for closely sampled trajectories is of Gaussian form

1 7(Li+1—L,i7fTSA(L73)AT)2

e SDAT . 207
vV2rDAT (207)

P(Liy1, TigalLiy ) =
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FIG. 16. The dynamical law leading to constriction can unambiguously be inferred from realizations of the
Zumdieck model, using Bayesian path integral inference Eq. (208). (a): We confirm the inferred underlying force law
f (Z) by showing the nested sampling results for the advection case a = 0, which converge to the true parameter values. (b):
Given the correct underlying force law f(Z) = —v (a = 0), and inferring optimal parameters v and D, only the case a = 0
(yellow line) predicts both the mean and variance of the Zumdieck model (blue circles). (¢): The log-evidence for each model
singles out the correct model and therefore demonstrates that inference of the advection scenario can be performed. (d): We
confirm the inferred underlying force law f (Z) by showing the nested sampling results for the case a = —2, which converge to
the true parameter values. v is slightly underestimated because we performed inference ”too far” from the target state, as can
also be seen in (d). (e): Given the correct underlying force law f(L) = —75 (a = —2), and inferring optimal parameters v
and D, only the case @ = —2 (red line) predicts both the mean and variance of the Zumdieck model (blue circles) close to the
target state. (f): The log-evidence for each model confirms that the correct model & = —2 was inferred from the simulated
trajectories of the cytokinesis model.

This is equivalent to a first order stochastic simulation of an SDE in Ito interpretation, where the change dL with
respect to the deterministic force times A7 plus a random step with zero mean and variance DAT is evaluated. The
log-likelihood under the approximation of Gaussian transition probabilities thus reads

_ () (3 TSA (7(J) ?
newe N-1 [ (LD, — L) pTSALO A7
i+1 ) 1 1
log L = E E —( SDAT ) —§log(27rDAT) . (208)

j=1 i=0

This approximation becomes exact for small time steps, and deviations occur as the time-steps become bigger. It is
therefore recommended to check after optimization, if the residual increments after subtraction of the deterministic
part are actually Gaussian. If not, more sophisticated path inference techniques can be used[27-29], which can cope
with “almost” Gaussian transition probabilities[30, 31] or even arbitrary step size[32].

For forward power law forces of the form f(L) = —yL®*, and close to the target state, the corresponding reverse
time forces fTSA(L) = f(L) + fA(L) can be stated exactly using Eq. (120) for the free energy force fA(L). Using
fA(L), in the form as defined in Eq. (120), the log-likelihood is not easily evaluated numerically for small L. As both
I'(v), T'(v, z) and exp(z) need to be evaluated numerically and separately, slight inconsistencies can lead to numerical
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instabilities. We therefore transformed f(L) to forms in which only one special function is evaluated numerically.
This is feasible when treating o < —1 and « > —1 separately. The full free energy force then splits into three cases

D

fora > —1+¢

_2(5311; 1F1(1;1+H%9_25311D’Y
fAL) 2 _ oD . for —l+e<a<-—-1-—¢ (209)
TR o (Ita) for —1—e<a<-1-¢€.

. 1 . 2ratly
aD+D U(111+1+a!7 aD+D )

In our experience this representation with ¢ = 0.05 worked robustly. Here 1Fj(a;b;z) is the Kummer confluent
hypergeometric function, U(a;b; z) is Tricomi’s confluent hypergeometric function. To obtain this representation we
used the substitutions

[(a) —T(a,z) = a 2% *Fi(1;1 +a; 2) (210)
which can be derived from from Abramovitz & Stegun (AS 6.5.3) and (AS 6.5.12)[13], and
I(a,z) =2U(l;1+a;2)e”? (211)

which follows from Abramovitz & Stegun (AS 13.1.29) and (AS 13.6.28)[13]. We point out, that fT54(L(7y)) diverges
for L(rg) = Lts. We therefore leave the target state data point out and start the inference with the next or second
next state.

On a practical note, evaluations of the likelihood functions are numerically much faster when, for a specific «,
a simplified version of the force can be obtained. The hypergeometric functions are generally numerically unstable
for « < —1, which means that many terms of the series have to be calculated to obtain reasonable accuracy. This
results in evaluations of the path likelihood function which are very time consuming. Hence, it is advised that the
practitioner obtains a functional form without hypergeometric function for specific models wherever possible.

The strength of the path ensemble inference formalism compared to optimizing predicted moments such as mean
and variance is, that the optimization is performed with respect to the full likelihood. No considerations about
sufficient statistics or how to weigh the different moments relative to each other in a loss function are required. By
directly inferring the underlying reverse time SDE, mean, variance etc. become predictions. The comparison between
observed and predicted moments can then be used to test the inference and accept or reject the model.

As described in the main text, we made an explicit comparison of the path inference scheme with the method of
moments, also called ensemble method.

In the ensemble strategy, model accuracy is evaluated via the residuals between empirical ensemble mean and model
mean R, ; = x; — L(7;) and similar for the variance R, ; = y; — 02 (7;). x;,y; are the data derived empirical mean and
variance at times 7;. The model moments can be obtained from numerical simulations, exact analytical calculations
or our above-derived small noise theory. The loss function reads

N,
L=-) (R.,+R2,. (212)

i=1
We performed inference of model parameters for the Bessel case with the underlying force law f (Z) = —% (a=-1)

and varied the data quality by subsampling from the full ensemble. By sampling we mean that we varied the number
of trajectories N,,s per inference run and the number time steps per trajectory N;. For each fixed N,,s and N, the
inference was repeated 200 times by subsampling N, s trajectories from a large ensemble containing 50 000 trajectories
in total. The number and location of the subsampled time steps was not changed.

In Fig. 17, those results are summarized by showing the accuracy, the squared distance of the mean inferred param-
eter compared to the real parameter, and the precision, which is the standard deviation of the inferred parameters.
The accuracy therefore shows whether the inference is unbiased in the limit of many inferences, while the precision is
a measure for the expected spread. Reliable inference can only occur for both high accuracy and precision.

These results show that the ensemble method can produce reliable parameter inference in the high number of
trajectories limit N.,s >> 1. Additionaly, it can be seen that the ensemble method only depends on those and
strikingly not on the number of subsampled time steps NV;. This method is therefore recommended when the sampling
rate of single experiments is too high to obtain Gaussian transition probabilities, which would enable reliable path
inference.

On the other hand, the path method produces reliable inference of D for even only 2 trajectories if the sampling
rate is high enough. The precision for the inference of  is only high if there are enough trajectories.
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FIG. 17. Phasediagrams of inference accuracy and precision. We show the accuracy and precision of 200 inference runs
subsampled from an ensemble of 50000 trajectories. To obtain accuracy we calculated the relative distance between the mean
of the inferred parameters and the true parameters |(0_ — Otrue)/Otrue|. The precision is obtained as the coefficient of variation
Cv = d¢/0 of the distribution of inferred parameters. On the abscissa the number of trajectories per inference run Neys is
displayed and on the ordinate the number of time steps per trajectory N:. The colorscale for all accuracy results and for all
precision results is the same respectively. (a): Results for path inference. First row is displaying results for v and second row
for D. (b): Results for ensemble inference. First row is displaying results for v and second row for D. (c): Colorscales for all
accuracy values (top) and precision values (bottom).

A. Accounting for measurement noise

In case of homogeneous Gaussian noise, there is a simple extension for the path-based likelihood that simultaneously
infers the measurement noise from the data, together with the parameters. The log-likelihood under this assumption
then reads

. . . 2
Nens N—1 (Lz('i-)l _ LEJ) _ fTSA(LZ(J))AT>

og£=3 2 |- 2DAT + 202

j:l i=0 meas

— % log(2n(DAT + aneas)) . (213)

where 0,,cqs 1S the standard deviation of an additive Gaussian measurement error with zero mean. o,,cqs would
constitute an additional parameter during inference.
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